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This supplementary document contains some technical lemmas and their proofs, proofs
of Lemmas 6.1 – 6.2, equations (15), (35), (36), Theorem 4.2, and Proposition 4.1. We also
report some additional simulation results in this document.

S1. Some technical lemmas.

LEMMA S1.1 (Bai and Silverstein (2010), Lemma B.26). Let A = (aij) be an n×n non-
random matrix and x = (X1, . . . ,Xn)′ be a random vector of independent entries. Assume
that EXi = 0, E|Xi|2 = 1 and E|Xi|` 6 ν`. Then, for any k > 1,

E|x∗Ax− trA|k 6Ck

[{
ν4tr(AA∗)

}k/2
+ ν2ktr(AA∗)k/2

]
,

where Ck is a constant depending on k only.
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LEMMA S1.2 (Pan and Zhou (2011), Lemma 5). Let A be a p× p deterministic complex
matrix with zero diagonal elements. Let x = (X1, . . . ,Xp)

′ be a random vector with i.i.d. real
entries. Assume that EXi = 0, E|Xi|2 = 1. Then, for any k > 2,

(S1.1) E|x′Ax|k 6Ck
{
E|X1|k

}2(
trAA∗

)k/2
,

where Ck is a constant depending on k only.

LEMMA S1.3 (Burkholder’s inequality, Burkholder (1973)). Let {Xi} be a complex mar-
tingale difference sequence withe respect to the increasing σ-field {Fi}. Then for k > 2, the
following inequality

E
∣∣∣∑
i

Xi

∣∣∣k 6CkE
[∑

i

E
{
|Xi|2

∣∣Fi−1}]k/2 +CkE
∑
i

|Xi|k

holds, where Ck is a constant depending on k only.

LEMMA S1.4 (Martingale CLT, Billingsley (2008)). Suppose for each n, {Ynk}16k6rn
is a real martingale difference sequence with respect to the σ-field {Fnk} having second
moments. If as n→∞,

rn∑
k=1

E(Y 2
nk | Fn,k−1)

p−→ σ2,

where σ2 is a positive constant, and for each ε > 0,
rn∑
k=1

E
(
Y 2
nk1{|Ynk|>ε}

)
→ 0,

then
rn∑
k=1

Ynk
d−→N (0, σ2).

LEMMA S1.5 (Billingsley (1968), Theorem 12.3). The sequence {Xn} is tight if it sat-
isfies these two conditions:

(i) The sequence {Xn(0)} is tight.
(ii) There exist constants γ > 0 and α> 1 and a non-decreasing, continuous function F on
[0,1] such that

P
(∣∣Xn(t2)−Xn(t1)

∣∣> λ
)
6

1

λγ
∣∣F (t2)− F (t1)

∣∣α
holds for all t1, t2 and n and all positive λ.

LEMMA S1.6 (Bai and Silverstein (2004), Lemma 2.3). Let f be analytic in D, a con-
nected open set of C, satisfying |f(z)| 6M for any z ∈D, then, on any set bounded by a
contour interior to D, f ′(z) is bounded.

Lemma S1.7 is about the asymptotic expression of Zk, which is used in Section S2.16 to
derive the finite-dimensional convergence of M (1)

n (z).
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LEMMA S1.7. For z1, z2 ∈C+,

Zk :=
1

n(pbp)2
tr
{
EkM

(1)
k (z1) ·EkM

(1)
k (z2)

}
=

k
nm(z1)m(z2)

1− k
nm(z1)m(z2)

+ oL1
(1).

Lemmas S1.8 and S1.9 are used in the proof of Lemma S1.7.

LEMMA S1.8. For ϑi(z) and ζi(z) defined in Lemma S1.7, we have

E
∣∣∣ϑi(z)− m(z)

z

∣∣∣4→ 0, E
∣∣∣ζi(z) + zm(z)

∣∣∣4→ 0, as n→∞.

LEMMA S1.9. Let B be any matrix independent of xi.

E
∣∣x′iMkiBxi

∣∣2 6Kp2n2E‖B‖2,(S1.2)

E
∣∣x′iΣpMkiBΣpxi

∣∣2 6Kp2n2E‖B‖2.(S1.3)

Lemmas S1.10 and S1.11 are used in Sections S2.16 and 6.4.

LEMMA S1.10. For z ∈C1, we have

|βk(z)|6 1/v1, |βtrk (z)|6 1/v1,∣∣∣1 +
1

npbp
trM

(s)
k (z)

∣∣∣6 1 +
1

vs1
, s= 1,2,

∣∣βk{1 + q′kD
2
k(z)qk

}∣∣6 1

v1
.(S1.4)

LEMMA S1.11. Under the assumption p ∧ n→∞, p/n→∞ and truncation, for z ∈
C1,

E|γks|2 6
K

n
, E|γks|4 6K

(
1

n2
+
n

p2

)
,

E|ηk|2 6
K

n
, E|ηk|4 6K

δ4n
n

+K

(
1

n2
+
n

p2

)
.

Lemmas S1.12 , S1.13 and S1.14 are used in Section 6.5 to derive the convergence of the
non-random part M (2)

n (z). They are proved following the strategy in Bao (2015).

LEMMA S1.12. Under the assumption p∧ n→∞, p/n→∞, for z ∈C1, we have

(S1.5) Var(mn) =O

(
1

n2

)
.

LEMMA S1.13. Under the assumption p∧n→∞, p/n→∞, for z ∈C1 and 1 6 `6 n,

E
∣∣∣∣D`` +

1

z +Emn

∣∣∣∣2 =O

(
1

n

)
+O

(
n

p

)
.

LEMMA S1.14. Under the assumption p∧n→∞, p/n→∞, for z ∈C1 and 1 6 `6 p,

(S1.6) E
∣∣∣∣D̃`` +

1

ap
√
p/(nbp) + z +Emn

∣∣∣∣2 =O

((
n

p

)3)
+O

(
n

p2

)
,
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where D`` is the `-th diagonal entry of the matrix

D̃ = (D̃ij)p×p =

(
Σ

1/2
p YY′Σ

1/2
p −

√
p

n

ap√
bp

Ip − zIp
)−1

.

Lemmas S1.15 and S1.16 provide some derivatives of Fjk and F̂jk for applying the gen-
eralized Stein’s equation in Section 6.5.

Recall that

D := (An − zIn)−1, E := ΣpYDY′Σp = (Eij)p×p, F := ΣpYD = (Fij)p×n.

LEMMA S1.15 (Derivatives of Fjk).

∂Fjk
∂Yjk

= (Σp)jjDkk −EjjDkk − F 2
jk;

∂2Fjk
∂Y 2

jk

=−6(Σp)jjFjkDkk + 6EjjFjkDkk + 2F 3
jk;

∂3Fjk
∂Y 3

jk

=−6(Σp)
2
jjD

2
kk + 36(Σp)jjF

2
jkDkk + 12(Σp)jjEjjD

2
kk − 36EjjF

2
jkDkk − 6E2

jjD
2
kk − 6F 4

jk;

∂4Fjk
∂Y 4

jk

= 120(Σp)
2
jjFjkD

2
kk − 240(Σp)jjF

3
jkDkk − 240(Σp)jjEjjFjkD

2
kk + 240EjjF

3
jkDkk

+ 120E2
jjFjkD

2
kk + 24F 5

jk;

∂5Fjk
∂Y 5

jk

=−120F 6
jk − 1800EjjF

4
jkDkk − 1800E2

jjF
2
jkD

2
kk − 120E3

jjD
3
kk + 1800(Σp)jjF

4
jkDkk

+ 3600(Σp)jjEjjF
2
jkD

2
kk + 360(Σp)jjE

2
jjD

3
kk − 1800(Σp)

2
jjF

2
jkD

2
kk

− 360(Σp)
2
jjEjjD

3
kk + 120(Σp)

3
jjD

3
kk.

Recall that

Ê = ΣpYDY′Σ2
p = (Êij)p×p, F̂ := Σ2

pYD = (F̂ij)p×n.

LEMMA S1.16 (Derivatives of F̂jk).

∂F̂jk
∂Yjk

= (Σ2
p)jjDkk − ÊjjDkk − FjkF̂jk;

∂2F̂jk
∂Y 2

jk

=−2(Σp)jjF̂jkDkk − 4(Σ2
p)jjFjkDkk + 2F 2

jkF̂jk + 4ÊjjFjkDkk + 2EjjF̂jkDkk;

∂3F̂jk
∂Y 3

jk

=−6(Σ2
p)jj(Σp)jjD

2
kk − 6F 3

jkF̂jk − 18ÊjjF
2
jkDkk − 18EjjFjkF̂jkDkk − 6EjjÊjjD

2
kk

+ 18(Σp)jjFjkF̂jkDkk + 6(Σp)jjÊjjD
2
kk + 18(Σ2

p)jjF
2
jkDkk + 6(Σ2

p)jjEjjD
2
kk;
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∂4F̂jk
∂Y 4

jk

= 24F 4
jkF̂jk + 96ÊjjF

3
jkDkk + 144EjjF

2
jkF̂jkDkk + 96EjjÊjjFjkD

2
kk + 24E2

jjF̂jkD
2
kk

− 144(Σp)jjF
2
jkF̂jkDkk − 96(Σp)jjÊjjFjkD

2
kk − 48(Σp)jjEjjF̂jkD

2
kk + 24(Σp)

2
jjF̂jkD

2
kk

− 96(Σ2
p)jjF

3
jkDkk − 96(Σ2

p)jjEjjFjkD
2
kk + 96(Σp)jj(Σ

2
p)jjFjkD

2
kk.

Lemmas S1.17 and S1.18 provide the derivatives of some quantities with respect to Yjk,
which can be used to obtain the derivatives of Fjk (Lemma S1.15) and F̂jk (Lemma S1.16).

LEMMA S1.17. For any α, j ∈ {1,2, . . . , p} and β,k ∈ {1,2, . . . , n}, we have

∂Dαβ

∂Yjk
=−FjαDβk − FjβDαk;

∂Fαβ
∂Yjk

= (Σp)αjDkβ −EjαDβk − FjβFαk;

∂(EjjDkk)

∂Yjk
= 2(Σp)jjFjkDkk − 4EjjFjkDkk.

LEMMA S1.18. For any α, j ∈ {1,2, . . . , p} and β,k ∈ {1,2, . . . , n}, we have

∂F̂αβ
∂Yjk

= (Σ2
p)αjDkβ − ÊjαDβk − FjβF̂αk;

∂(ÊjjDkk)

∂Yjk
= (Σp)jjF̂jkDkk + (Σ2

p)jjFjkDkk −EjjF̂jkDkk − 3ÊjjFjkDkk.

Lemmas S1.19 and S1.20 are used in Section S3 to prove equations (35) and (36).

LEMMA S1.19. For z ∈ C` ∪ Cr , we have

|βk|1Un
6K, |εk|6K, E|γk2|41Un

=O(n−2), E|µk|41Un
=O(n−1).

LEMMA S1.20. For z ∈ C` ∪ Cr , we have

E
∣∣M (1)

n (z)1Un

∣∣2 6K.

Lemma S1.21 is used in the proof of Lemma 6.2.

LEMMA S1.21. Under the assumption p∧ n→∞, p/n→∞, for z ∈C1, we have

E
∣∣∣∣ 1

npbp
tr
{
M

(1)
k (z)

}
−m(z)

∣∣∣∣2 6 Kn

p
+
K

n2
.

S2. Proofs of lemmas. This section contains proofs of Lemmas S1.7 – S1.21, Lemmas
6.1 – 6.2.
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S2.1. Proof of Lemma S1.7.

PROOF. Let {ei, i = 1. . . . , k − 1, k + 1, . . . , n} be the (n− 1)-dimensional unit vectors
with the i-th (or (i− 1)-th) element equal to one and the remaining equal to zero according
as i < k (or i > k). Write Xk = Xki + xie

′
i. Let I(i) be n×n diagonal matrix with all 1’s on

the diagonal except the i-th element being zero, and

D−1ki,r = D−1k − eih
′
i =

1√
npbp

(
X′kiΣpXk − papI(i)

)
− zIn−1,

D−1ki = D−1k − eih
′
i − rie

′
i =

1√
npbp

(
X′kiΣpXki − papI(i)

)
− zIn−1,

h′i =
1√
npbp

x′iΣpXki +
1√
npbp

(
x′iΣpxi − pap

)
e′i, ri =

1√
npbp

X′kiΣpxi,

ζi =
1

1 + ϑi
, ϑi = h′iDki,r(z)ei, Mki = ΣpXkiDki(z)X

′
kiΣp.

We have some crucial identities,

(S2.1) Xkiei = 0, e′iDki,r = e′iDki =−e′i
z
,

where 0 is a p-dimensional vector with all the elements equal to 0. By using (S2.1) and some
frequently used formulas about the inverse of matrices, we obtain two useful identities:

(S2.2)
Dk −Dki,r =−Dki,r(D

−1
k −D−1ki,r)Dk =−Dki,r(eih

′
i)Dk

=−Dki,r(eih
′
i)(ζiDki,r) =−ζiDki,r(eih

′
i)Dki,r

and

(S2.3)

Dki,r −Dki =−Dki(D
−1
ki,r −D−1ki )Dki,r =−Dki(rie

′
i)Dki,r

=−Dki

( 1√
npbp

X′kiΣpxie
′
i

)
Dki =

1

z
√
npbp

DkiX
′
kiΣpxie

′
i.

Using (S2.2) and (S2.3), for i < k, we obtain the following decomposition of EkM
(1)
k (z),

EkM
(1)
k (z) = Ek

{
Σp(Xki + xie

′
i)Dk(Xki + xie

′
i)
′Σp

}
= Ek

(
ΣpXkiDkX

′
kiΣp + ΣpXkiDkeix

′
iΣp

+ Σpxie
′
iDkX

′
kiΣp + Σpxie

′
iDkeix

′
iΣp

)
= EkMki −Ek

{
ζi(z)

znpbp
Mkixix

′
iMki

}
+Ek

{
ζi(z)

z
√
npbp

Mki

}
xix
′
iΣp

+ Σpxix
′
iEk
{

ζi(z)

z
√
npbp

Mki

}
−Ek{ζi(z)/z}Σpxix

′
iΣp(S2.4)

:= B1(z) + B2(z) + B3(z) + B4(z) + B5(z).
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Write

D−1k =

n∑
i=1(6=k)

eih
′
i − zIn−1.

Multiplying Dk on the right-hand side, we have

zDk =−In−1 +

n∑
i=1(6=k)

eih
′
iDk.

Multiplying ΣpXk on the left-hand side, X′kΣp on the right-hand side, we get

zM
(1)
k (z) =−ΣpXkX

′
kΣp +

n∑
i=1(6=k)

ΣpXkeih
′
iDkX

′
kΣp.

Thus,

zEk
(
M

(1)
k (z)

)
=−Ek

(
ΣpXkX

′
kΣp

)
+

n∑
i=1(6=k)

Ek(ΣpXkeih
′
iDkX

′
kΣp)

=−ΣpEk
( n∑
i=1(6=k)

xix
′
i

)
Σp +

n∑
i=1(6=k)

Ek
{
ζiΣpxih

′
iDki,r(X

′
ki + eix

′
i)Σp

}
=−(n− k)Σ2

p −
∑
i<k

(
Σpxix

′
iΣp

)

+

n∑
i=1(6=k)

Ek
(

ζi√
npbp

Σpxix
′
iΣpXkiDki,rX

′
kiΣp

)

+

n∑
i=1(6=k)

Ek
(
ζiΣpxih

′
iDki,reix

′
iΣp

)

=−(n− k)Σ2
p −

∑
i<k

(
Σpxix

′
iΣp

)
+

n∑
i=1(6=k)

Ek
(

ζi√
npbp

Σpxix
′
iMki

)

+

n∑
i=1(6=k)

Ek
(
ζiϑiΣpxix

′
iΣp

)
.(S2.5)

Applying (S2.4) and (S2.5) to EkM
(1)
k (z2) (for i < k) and z1EkM

(1)
k (z1), we get the

following decomposition:

z1Zk =
z1

n(pbp)2
tr
{
EkM

(1)
k (z1) ·EkM

(1)
k (z2)

}
=

1

n(pbp)2
tr

[{
−(n− k)Σ2

p −
∑
i<k

(
Σpxix

′
iΣp

)
+

n∑
i=1(6=k)

Ek
(

ζi√
npbp

Σpxix
′
iMki

)

+

n∑
i=1(6=k)

Ek
(
ζiϑiΣpxix

′
iΣp

)}
×EkM

(1)
k (z2)

]

=C1(z1, z2) +C2(z1, z2) +C3(z1, z2) +C4(z1, z2),
(S2.6)
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where

C1(z1, z2) =− n− k
n(pbp)2

tr
{

Σ2
p ·EkM

(1)
k (z2)

}
,

C2(z1, z2) =− 1

n(pbp)2

∑
i<k

x′iΣp

{ 5∑
j=1

Bj(z2)

}
Σpxi =

5∑
j=1

C2j ,

(S2.7)

C3(z1, z2) =
1

n(pbp)2

∑
i<k

Ek
[
ζi(z1)√
npbp

x′iMki(z1)

{ 5∑
j=1

Bj(z2)

}
Σpxi

]

+
1

n(pbp)2

∑
i>k

Ek
[
ζi(z1)√
npbp

x′iMki(z1)
{
EkM

(1)
k (z2)

}
Σpxi

]
=

6∑
j=1

C3j ,(S2.8)

C4(z1, z2) =
1

n(pbp)2

∑
i<k

Ek
[
ζi(z1)ϑi(z1)x

′
iΣp

{ 5∑
j=1

Bj(z2)

}
Σpxi

]

+
1

n(pbp)2

∑
i>k

Ek
[
ζi(z1)ϑi(z1)x

′
iΣp

{
EkM

(1)
k (z2)

}
Σpxi

]
=

6∑
j=1

C4j .(S2.9)

Now we estimate all the terms in (S2.6). We will show that these terms are negligible as
n→∞, expect C25,C33,C45 defined in (S2.7) – (S2.9).

For C1(z1, z2), we have

E|C1(z1, z2)|=
n− k
n(pbp)2

∣∣∣tr{Σ2
p ·EkM

(1)
k (z2)

}∣∣∣=O

(
1

p2

)
·O(np) =O

(
n

p

)
,

where the second equality follows from the fact
∣∣tr{Σ2

p ·EkM
(1)
k (z2)

}∣∣=O(np), which can
be verified by using the similar argument in the proof of Lemma S1.21.

Applying Lemma S1.8 and inequality (S1.3) with B = Ip, we have

E|C21|6
1

n(pbp)2

∑
i<k

E
∣∣x′iΣp ·EkMki(z2) ·Σpxi

∣∣
6

1

n(pbp)2

∑
i<k

(
E
∣∣x′iΣp ·EkMki(z2) ·Σpxi

∣∣2)1/2
6
Kn

p
.

Applying Lemma S1.8 and inequality (S1.3) with B = Σp, we have

E|C22|6
1

n(pbp)2

∑
i<k

E
∣∣∣∣x′iΣp ·Ek

{
ζi(z2)

z2npbp
Mki(z2)xix

′
iMki(z2)

}
·Σpxi

∣∣∣∣
=

K

n2(pbp)3

∑
i<k

E
∣∣x′iMki(z2)Σpxi

∣∣2 6 Kn

p
.

Similarly, we obtain

E|C23|= E|C24|6
1

n(pbp)2

∑
i<k

E
∣∣∣x′iΣp ·Ek

{
ζi(z2)

z2
√
npbp

Mki(z2)

}
xix
′
iΣp ·Σpxi

∣∣∣
6

K

np2
√
np

∑
i<k

E
∣∣∣x′iΣpMki(z2)xi · x′iΣ2

pxi

∣∣∣
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6
K

np2
√
np

∑
i<k

{
E
∣∣∣x′iΣpMki(z2)xi

∣∣∣2}1/2
·
{
E
∣∣∣x′iΣ2

pxi

∣∣∣2}1/2
6K

√
n

p
.

Applying Lemma S1.8 and inequality (S1.2) with B = EkMki(z2)Σp, we have

E|C31|=
1

n(pbp)2

∑
i<k

E
∣∣∣∣Ek{ ζi(z1)√

npbp
x′iMki(z1) ·EkMki(z2) ·Σpxi

}∣∣∣∣
6

K

np2
√
np

∑
i<k

E
∣∣∣∣x′iMki(z1) ·EkMki(z2) ·Σpxi

∣∣∣∣6K

√
n

p
.

We define ζ̃i(z) and M̃ki(z) as the analogues of ζi(z) and Mki(z), respectively, using
{x1, . . . ,xk, x̃k+1, . . . , x̃n}, where x̃k+1, . . . , x̃n are i.i.d. copies of xk+1, . . . ,xn and inde-
pendent of x1, . . . ,xn. Then,

E|C32|

=
1

n(pbp)2

∑
i<k

E
∣∣∣∣Ek[ ζi(z1)√

npbp
x′iMki(z1) ·Ek

{
ζi(z2)

z2npbp
Mki(z2)xix

′
iMki(z2)

}
·Σpxi

]∣∣∣∣
=

1

n(pbp)2

∑
i<k

E
∣∣∣∣Ek[ ζi(z1)√

npbp
x′iMki(z1) ·Ek

{
ζ̃i(z2)

z2npbp
M̃ki(z2)xix

′
iM̃ki(z2)

}
·Σpxi

]∣∣∣∣
6

K

n2p3
√
np

∑
i<k

E
∣∣∣∣[x′iMki(z1)M̃ki(z2)xi · x′iM̃ki(z2)Σpxi

]∣∣∣∣
6

K

n2p3
√
np

∑
i<k

{
E
∣∣∣x′iMki(z1)M̃ki(z2)xi

∣∣∣2}1/2{
E
∣∣∣x′iM̃ki(z2)Σpxi

∣∣∣2}1/2

(S1.2)
6 K

√
n

p
.

Similarly, we have

E|C3j |6K
n

p
, j = 4,5,6.

Applying Lemma S1.8 and inequality (S1.3) with B = In−1, we obtain

E|C4j |6K
n

p
, j = 1,2,3,4,6.

Moreover, by using Lemmas S1.8 – S1.9 and Lemma S1.21, we obtain the following
limits:

C25 =− 1

n(pbp)2

∑
i<k

(
x′iΣp

[
−Ek

{
ζi(z2)

z2

}
Σpxix

′
iΣp

]
Σpxi

)

=− 1

n(pbp)2
m(z2)

∑
i<k

(
x′iΣ

2
pxi
)2

=−k
n
m(z2) + oL1

(1),

C45 =
1

n(pbp)2

∑
i<k

Ek
(
ζi(z1)ϑi(z1)x

′
iΣp

[
−Ek

{
ζi(z2)

z2

}
Σpxix

′
iΣp

]
Σpxi

)



10

=
1

n(pbp)2

∑
i<k

Ek
[
−m2(z1)m(z2)

(
x′iΣ

2
pxi
)2]

+ oL1
(1)

=−k
n
m2(z1)m(z2) + oL1

(1),

and

C33 =
1

n(pbp)2

∑
i<k

Ek
[
ζi(z1)√
npbp

x′iMki(z1)

{
Ek

ζi(z2)

z2
√
npbp

Mki(z2)

}
xix
′
iΣ

2
pxi

]

=
1

n2p2b2p
z1m(z1)m(z2)

{∑
i<k

x′iEkMki(z1)EkMki(z2)xi

}
+ oL4

(1)

=
k

n
m(z1)m(z2)z1Zk + oL1

(1).

From above estimates, we have

z1Zk =−k
n
m(z2)−

k

n
m2(z1)m(z2) +

k

n
m(z1)m(z2)z1Zk + oL1

(1)

=
k

n
z1m(z1)m(z2) +

k

n
z1m(z1)m(z2)Zk + oL1

(1),

which is equivalent to

Zk =
k
nm(z1)m(z2)

1− k
nm(z1)m(z2)

+ oL1
(1).

S2.2. Proof of Lemma S1.8.

PROOF. This lemma can be proved by using similar arguments in Section 5.2.2 of Chen
and Pan (2015).

S2.3. Proof of Lemma S1.9.

PROOF. Note that Mki and xi are independent. By using Lemma S1.1, we have

(S2.10) E
∣∣x′iMkiBxi − trMkiB

∣∣2 6K
{
ν4Etr

(
MkiBBMki

)}
6Knp2‖B‖2,

where we use the fact that∣∣tr(MkiBBMki

)∣∣= ∣∣tr(ΣpXkiDkiX
′
kiΣpBBΣpXkiDkiX

′
kiΣp

)∣∣
=
∣∣tr(D1/2

ki X
′
kiΣpBBΣpXkiDkiX

′
kiΣ

2
pXkiD

1/2
ki

)∣∣
6 n · ‖D

1/2
ki X

′
kiΣ

1/2
p ‖ · ‖Σ

1/2
p ‖ · ‖BB‖ · ‖Σ1/2

p ‖

× ‖Σ1/2
p XkiDkiX

′
kiΣ

1/2
p ‖ · ‖Σp‖ · ‖Σ

1/2
p XkiD

1/2
ki ‖

= n · ‖Σp‖2 · ‖B‖2 · ‖Σ
1/2
p XkiDkiX

′
kiΣ

1/2
p ‖2

= n · ‖Σp‖2 · ‖B‖2 · ‖DkiX
′
kiΣpXki‖2

= n · ‖Σp‖2 · ‖B‖2 · ‖
√
npbp(In−1 + zDki) + papI(i)Dki‖2

6Knp2‖B‖2.(S2.11)
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By (S2.10) and the cr-inequality, we have

E
∣∣x′iMkiBxi

∣∣2 6K
{
E
∣∣x′iMkiBxi − trMkiB

∣∣2 +E
∣∣trMkiB

∣∣2}6Kp2n2E‖B‖2,

which completes the proof of (S1.2). By using the same argument, we get (S1.3).

S2.4. Proof of Lemma S1.10.

PROOF. The proof of Lemma S1.10 exactly follows Chen and Pan (2015), so is omitted.

S2.5. Proof of Lemma S1.11.

PROOF. By Lemma S1.1 and taking B = Ip in the inequality (S2.11), we have

E|γk2|2 6
K

n2p2
tr
(
M

(s)
k M

(s)
k

)
6
K

n
.

Similarly, we can prove that E|ηk|2 6K/n.
Now, we prove the bounds for the 4-th moments of γks and ηks. Let H be M

(s)
k with all

diagonal elements replaced by zeros, then we have

(S2.12) E|x′kHxk|4 6K(EX4
11)

2E
(
trHH∗

)2
6KE

(
trM

(s)
k M

(s)
k

)2
6Kn2p4.

The first inequality follows from Lemma S1.2, and the last inequality follows from (S2.11).
Let Ej(·) denote the conditional expectation with respect to (X1k,X2k, . . . ,Xjk), and

let m(s)
jj denote the j-th diagonal entry of M

(s)
k , where j = 1,2, . . . , p. Since Ej−1(X2

jk −
1)m

(s)
jj = 0, then (X2

jk − 1)m
(s)
jj can be expressed as a martingale difference

(S2.13) (X2
jk − 1)m

(s)
jj = (Ej −Ej−1)

{
(X2

jk − 1)m
(s)
jj

}
.

Applying the Burkholder’s inequality (Lemma S1.3) to (S2.13) yields that

E
∣∣∣∣ p∑
j=1

(X2
jk − 1)m

(s)
jj

∣∣∣∣4

6KE
( p∑
j=1

Ej−1
∣∣∣(X2

jk − 1)m
(s)
jj

∣∣∣2)2

+KE
( p∑
j=1

∣∣∣(X2
jk − 1)m

(s)
jj

∣∣∣4)2

6K

( p∑
j=1

E|X11|4
∣∣m(s)

jj

∣∣2)+K

p∑
j=1

E|X11|8E
∣∣m(s)

jj

∣∣4
6Kn5p2 +Kn3p3,(S2.14)

where we use the fact that, with ej be the j-th p-dimensional standard basis vector and y be
an (n− 1)-dimensional random vector with Eyi = 0 and Ey2i = 1,

E
∣∣m(s)

jj

∣∣4 = E
∣∣∣e′jΣpXkD

s
kX
′
kΣpej

∣∣∣4
6 v−4s1 E

∥∥e′jΣpXk

∥∥8 = v−4s1 (Σ2
p)

4
jjE
∥∥y∥∥8 6Kn4 +Kn2p,(S2.15)
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where (Σ2
p)jj =

∑
`(Σp)

2
j` is the j-th diagonal elements of Σ2

p. By Rayleigh-Ritz Theorem,
we know that (Σ2

p)jj 6 λmax(Σ2
p) 6K . Combining (S2.12) and (S2.14) yields that

E|γks|4 6
1

(npbp)4
E
∣∣∣∣ p∑
j=1

(X2
jk − 1)m

(s)
jj + x′kHxk

∣∣∣∣4

6
K

n4p4
E
∣∣∣∣ p∑
j=1

(X2
jk − 1)m

(s)
jj

∣∣∣∣4 +
K

n4p4
E|x′kHxk|4

6K

(
1

n2
+
n

p2

)
.

Moreover, by Lemma S1.1, we have

E|ηk|4 6
K

n2p2
E
∣∣x′kΣpxk − pap

∣∣4 +KE
∣∣γk1∣∣4 6 Kδ4n

n
+K

(
1

n2
+
n

p2

)
.

This completes the proof of the lemma.

S2.6. Proof of Lemma S1.12.

PROOF. By the identity mn −Emn =−
∑n

k=1

(
Ek−1mn −Ekmn

)
, we have

Var(mn) =

n∑
k=1

E
∣∣Ek−1mn−Ekmn

∣∣2+2
∑

16s<t61

E
(
Es−1mn−Esmn

)(
Et−1mn−Etmn

)
.

Since each term in the second sum on the RHS of the above identity is zero, we write

Var(mn) =

n∑
k=1

E
∣∣Ek−1mn −Ekmn

∣∣2
=

n∑
k=1

E
∣∣∣Ek−1 (mn −E(k)mn

)∣∣∣2
6

n∑
k=1

E
∣∣mn −E(k)mn

∣∣2,
where E(k)(·) denotes the expectation w.r.t. the σ-field generated by xk. To prove (S1.5), it
suffices to show

(S2.16) E
∣∣mn −E(k)mn

∣∣2 =O

(
1

n3

)
, 1 6 k 6 n.

Now we deal with the case k = 1, and the remaining cases are analogous and omitted.
Denote Ỹ = (Ỹij)p×n := Σ

1/2
p Y where Y = (npbp)

−1/4X, and let ỹk be the k-th column
of Ỹ. Let Ỹk be the p× (n− 1) matrix extracted from Ỹ by removing ỹk, then the matrix
model (1) can be written as

An =

ỹ′1ỹ1 −
√

p
n

ap√
bp

(Ỹ′1ỹ1)
′

Ỹ′1ỹ1 Ỹ′1Ỹ1 −
√

p
n

ap√
bp

In−1

 .
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With notations Ak = Ỹ′kỸk −
√

p
n

ap√
bp

In−1 and Dk = (Ak − zIn)−1, we have

trD− trD1

=
1 + (Ỹ′1ỹ1)

′
(
Ỹ′1Ỹ1 −

√
p
n

ap√
bp

In−1 − zIn−1
)−2

(Ỹ′1ỹ1)(
ỹ′1ỹ1 −

√
p
n

ap√
bp
− z
)
− (Ỹ′1ỹ1)′

(
Ỹ′1Ỹ1 −

√
p
n

ap√
bp

In−1 − zIn−1
)−1

(Ỹ′1ỹ1)

=
1 + ỹ′1

[
Ỹ1Ỹ

′
1

(
Ỹ1Ỹ

′
1 −

√
p
n

ap√
bp

In−1 − zIn−1
)−2]

ỹ1(
ỹ′1ỹ1 −

√
p
n

ap√
bp
− z
)
− ỹ′1

{
Ỹ1Ỹ′1

(
Ỹ1Ỹ′1 −

√
p
n

ap√
bp

In−1 − zIn−1
)−1}

ỹ1

=:
1 +U

V
,

where the second “=” comes from the identity

B(AB− αI)−nA = BA(BA− αI)−n.

Moreover, with notations U and V , we can write D11 = 1/V and

E
∣∣mn −E(1)mn

∣∣2 =
1

n2
E
∣∣∣(trD− trD1)−E(1)(trD− trD1)

∣∣∣2 (
∵ E(1)trD1 = trD1

)
=

1

n2
E
∣∣∣∣1 +U

V
−E(1)

(
1 +U

V

)∣∣∣∣2
6

2

n2

{
E
∣∣∣∣ 1

V
−E(1)

(
1

V

)∣∣∣∣2 +E
∣∣∣∣UV −E(1)

(
U

V

)∣∣∣∣2}.
By the same arguments as those on Page 196 of Bao (2015), it is sufficient to prove that

(S2.17) E(1) |U −E(1)U |2 =O

(
1

n

)
, E(1) |V −E(1) V |2 =O

(
1

n

)
.

For simplicity of presentation, we define

H[`] =
(
H

[`]
jk

)
p×p

:= Ỹ1Ỹ
′
1

(
Ỹ1Ỹ

′
1 −

√
p

n

ap√
bp

In−1 − zIn−1
)−`

, `= 1,2.

Then, we write

U −E(1)U =
∑
i 6=j

H
[2]
ij Ỹi1Ỹj1 +

p∑
i=1

H
[2]
ii

(
Ỹ 2
i1 −E Ỹ 2

i1

)
,(S2.18)

V −E(1) V = ỹ′1ỹ1 −
√
p

n

ap√
bp
−
∑
i 6=j

H
[1]
ij Ỹi1Ỹj1 −

p∑
i=1

H
[1]
ii

(
Ỹ 2
i1 −E Ỹ 2

i1

)
.(S2.19)

Now we proceed to prove (S2.17). From (S2.19), we have

E(1)|V −E(1) V |2

6K

{
E(1)

∣∣∣∣ỹ′1ỹ1 −
√
p

n

ap√
bp

∣∣∣∣2 +E(1)

∣∣∣∣∑
i 6=j

H
[1]
ij Ỹi1Ỹj1

∣∣∣∣2 +E(1)

∣∣∣∣ p∑
i=1

H
[1]
ii

(
Ỹ 2
i1 −E Ỹ 2

i1

)∣∣∣∣2}
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=K

{
E
∣∣∣∣ỹ′1ỹ1 −

√
p

n

ap√
bp

∣∣∣∣2 +
∑
i 6=j

∣∣∣H [1]
ij

∣∣∣2E(Ỹ 2
i1Ỹ

2
j1

)
+

p∑
i=1

∣∣∣H [1]
ii

∣∣∣2E(Ỹ 2
i1 −E Ỹ 2

i1

)2}
.

(S2.20)

After some straightforward calculations, we obtain some estimates:

(S2.21) E Ỹ 2
i1 =O

(
1
√
np

)
, E Ỹ 4

i1 =O

(
1

np

)
, E

(
ỹ′1ỹ1 −

√
p

n

ap√
bp

)2

=O

(
1

n

)
.

Combining (S2.21) and (S2.20), we obtain

(S2.22) E(1)

∣∣V −E(1) V
∣∣2 6 K

n
+
K

np
tr
∣∣H[1]

∣∣2.
Similarly, we can show that

(S2.23) E(1)

∣∣U −E(1)U
∣∣2 6 K

np
tr
∣∣H[2]

∣∣2.
To get (S2.17), it suffices to show that

tr
∣∣H[`]

∣∣2 =O(p), `= 1,2.

Let {µ(k)i , i= 1, . . . , n− 1} be eigenvalues of Ak, then the eigenvalues of H[`] (`= 1,2) are{
µ
(1)
i + ap

√
p/(nbp)

}2∣∣µ(1)i − z∣∣2` , i= 1,2, . . . , n− 1,

and a zero eigenvalue with algebraic multiplicity (p − n + 1). Using the fact µ(1)i >
−ap

√
p/(nbp), we conclude that

tr
∣∣H[`]

∣∣2 =

n−1∑
i=1

{
µ
(1)
i + ap

√
p/(nbp)

}2∣∣µ(1)i − z∣∣2` =O(p), `= 1,2.

This completes the proof of the lemma.

S2.7. Proof of Lemma S1.13.

PROOF. We only provide the estimation of D11, since others are analogous. Note that

D11 = V −1 =
(
ỹ′1ỹ1 −

√
p

n

ap√
bp
− z − ỹ′1H

[1]ỹ1

)−1
.

Let v
(1)
i =

(
v
(1)
i1 , . . . , v

(1)
ip

)
, (i= 1,2, . . . , n−1) be the unit eigenvector of A1 correspond-

ing to the eigenvalue µ(1)i , and let

w
(1)
i =

√
npap√
bp

∣∣ỹ′1v(1)
i

∣∣2.
Applying spectral decomposition to H[1] yields

D11 =

{
ỹ′1ỹ1 −

√
p

n

ap√
bp
− z −

n−1∑
i=1

(µ(1)i +
√

p
n

ap√
bp

µ
(1)
i − z

)∣∣ỹ′1v(1)
i

∣∣2}−1
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=

{
ỹ′1ỹ1 −

√
p

n

ap√
bp
− z − 1

√
np

√
bp

ap

n−1∑
i=1

(
µ
(1)
i +

√
p
n

ap√
bp

)
w

(1)
i

µ
(1)
i − z

}−1
=:
(
−z −mn(z) + h1

)−1
,(S2.24)

where

h1 =

{
mn −

1

n

n−1∑
i=1

(√n
p

√
bp
ap
µ
(1)
i + 1

µ
(1)
i − z

)}

+

{
ỹ′1ỹ1 −

√
p

n

ap√
bp
− 1

n

n−1∑
i=1

(√n
p

√
bp
ap
µ
(1)
i + 1

µ
(1)
i − z

)(
w

(1)
i − 1

)}
.

By (S2.24), we obtain∣∣∣∣D11 +
1

z +Emn

∣∣∣∣= ∣∣∣∣ Emn −mn + h1(
−z −mn + h1

)(
z +Emn

)∣∣∣∣6K
∣∣(Emn −mn) + h1

∣∣,
which implies that

E
∣∣∣∣D11 +

1

z +Emn

∣∣∣∣2

6K

{
E
∣∣Emn −mn

∣∣2 +E

∣∣∣∣∣mn −

(
1

n

n−1∑
i=1

1

µ
(1)
i − z

)
−
√
n

p

√
bp

ap

(
1

n

n−1∑
i=1

µ
(1)
i

µ
(1)
i − z

)∣∣∣∣∣
2

+E

∣∣∣∣∣ 1n
n−1∑
i=1

(√n
p

√
bp
ap
µ
(1)
i + 1

µ
(1)
i − z

)(
w

(1)
i − 1

)∣∣∣∣∣
2

+E
∣∣∣∣ỹ′1ỹ1 −

√
p

n

ap√
bp

∣∣∣∣2
}

=:K(I + II + III + IV)

=O

(
1

n2

)
+

[
O

(
1

n2

)
+O

(
n

p

)]
+O

(
1

n

)
+O

(
1

n

)(S2.25)

=O

(
1

n

)
+O

(
n

p

)
.

(S2.26)

Below we explain (S2.25) in more detail:

(I) Follows from Lemma S1.12.
(II) Use the fact √

n

p

√
bp

ap

∣∣∣∣∣ 1n
n−1∑
i=1

µ
(1)
i

µ
(1)
i − z

∣∣∣∣∣=O

(√
n

p

)
and ∣∣∣∣∣mn −

1

n

n−1∑
i=1

1

µ
(1)
i − z

∣∣∣∣∣=
∣∣∣∣ 1n trD− 1

n
trDk

∣∣∣∣ (S2.39)
= O

(
1

n

)
.
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(III) Use (S2.21).
(IV) Analogous to the estimation of E

∣∣V −E(1)V
∣∣2.

S2.8. Proof of Lemma S1.14.

PROOF. We only provide the estimation of D̃11, since the others are analogous.
Let r̃′k be k-th row of Ỹ = Σ

1/2
p Y and let Bk be the (p− 1)× n matrix extracted from Ỹ

by deleting r̃′k.
With notations defined above, we can write

Ã =

r̃′1r̃1 −
√

p
n

ap√
bp

r̃′1B
′
1

B1r̃1 B1B
′
1 −

√
p
n

ap√
bp

Ip−1

 .

Denote

Ãk = B′kBk −
√
p

n

ap√
bp

In, k = 1, . . . , n,

and

W = r̃′1B
′
1B1

(
B′1B1 −

√
p

n

ap√
bp

In − zIn
)−1

r̃1.

Let {µ̃(k)i , i = 1, . . . , n} be the eigenvalues of Ãk, and let ṽ
(1)
i =

(
ṽ
(1)
i1 , . . . , ṽ

(1)
ip

)
, i =

1,2, . . . , n, be the unit eigenvector of Ã1 corresponding to the eigenvalue µ̃(1)i , and set

w̃
(1)
i =

√
npap√
bp

∣∣r̃′1ṽ(1)
i

∣∣2,
then we have

W =
1

n

n∑
i=1

(√n
p

√
bp
ap
µ̃
(1)
i + 1

µ̃
(1)
i − z

)
w̃

(1)
i ,

and

D̃11 =

(
r̃′1r̃1 −

√
p

n

ap√
bp
− z −W

)−1
=:

(
−
√
p

n

ap√
bp
− z −mn + h̃1

)−1
,

where

h̃1 = r̃′1r̃1 +mn −W

= r̃′1r̃1 +mn −
1

n

n∑
i=1

(√n
p

√
bp
ap
µ̃
(1)
i + 1

µ̃
(1)
i − z

)
− 1

n

n∑
i=1

(√n
p

√
bp
ap
µ̃
(1)
i + 1

µ̃
(1)
i − z

)(
w̃

(1)
i − 1

)
.

(S2.27)

We define the set of events

Ω0 =

{∣∣Emn −mn + h̃1
∣∣> 1

2

√
p

n

}
,
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then the inequality∣∣∣∣(√ p

n

ap√
bp

+ z +Emn

)(√
p

n

ap√
bp

+ z +mn − h̃1
)∣∣∣∣>K

p

n

holds on Ω0. Thus we obtain

E
∣∣∣∣D̃11 +

1

ap
√
p/(nbp) + z +Emn

∣∣∣∣2
6 E

∣∣∣∣ Emn −mn + h̃1(
ap
√
p/(nbp) + z +Emn

)(
ap
√
p/(nbp) + z +mn − h̃1

)∣∣∣∣2
6K

{(
n

p

)2

· P(Ωc
0) +

n

p
· P(Ω0)

}
·E
∣∣Emn −mn + h̃1

∣∣2,
where we use the inequality

(S2.28)
∣∣∣∣(√ p

n

ap√
bp

+ z +Emn

)(√
p

n

ap√
bp

+ z +mn − h̃1
)∣∣∣∣>K

√
p

n
,

that holds on the full set Ω. The inequality (S2.28) follows from the facts√
p

n

ap√
bp

+ z +mn − h̃1

=

√
p

n

ap√
bp

+ z − r̃′1r̃1 + r̃′1B
′
1B1

(
B′1B1 −

√
p
n

ap√
bp

In

)−1
r̃1

=

√
p

n

ap√
bp

+ z + r̃′1

{
B′1B1

(
B′1B1 −

√
p
n

ap√
bp

In

)−1
− In

}
r̃1

=

√
p

n

ap√
bp

+ z +
1
√
np

√
bp

ap

n∑
i=1

( µ̃(1)i +
√

p
n

ap√
bp

µ̃
(1)
i − z

− 1

)
w̃

(1)
i

=

(√
p

n

ap√
bp

+ z

)(
1 +

1
√
np

√
bp

ap

n∑
i=1

w̃
(1)
i

µ̃
(1)
i − z

)

=:

(√
p

n

ap√
bp

+ z

)
(1 + S),

and

|1 + S|>K

√
n

p
.

We now proceed to complete the proof of (S1.6). Note that we have

P(Ω0) 6
4n

p
E
∣∣Emn −mn + h̃1

∣∣2,
thus it is sufficient to prove that

(S2.29) E
∣∣Emn −mn + h̃1

∣∣2 =O

(
1

n

)
+O

(
n

p

)
.
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Applying (S2.27) gives us

E
∣∣Emn −mn + h̃1

∣∣2
6K

{
E
∣∣Emn −mn

∣∣2 +E

∣∣∣∣∣mn −

(
1

n

n−1∑
i=1

1

µ̃
(1)
i − z

)
−
√
n

p

√
bp

ap

(
1

n

n−1∑
i=1

µ̃
(1)
i

µ̃
(1)
i − z

)∣∣∣∣∣
2

+E

∣∣∣∣∣ 1n
n−1∑
i=1

(√n
p

√
bp
ap
µ̃
(1)
i + 1

µ̃
(1)
i − z

)(
w̃

(1)
i − 1

)∣∣∣∣∣
2

+E
(
r̃′1r̃1

)2}
.

(S2.30)

Combining the similar method used for (S2.26) with (S2.30) and the fact

E
(
r̃′1r̃1

)2
= E

{ n∑
j=1

( p∑
i=1

(Σ
1/2
p )1iYij

)2}2

= E
{ n∑
j=1

( p∑
i=1

(Σ
1/2
p )1iYij

)4
+
∑
j1 6=j2

( p∑
i=1

(Σ
1/2
p )1iYij1

)2( p∑
i=1

(Σ
1/2
p )1iYij2

)2}
=O(n/p),

we obtain (S2.29).

S2.9. Proofs of Lemmas S1.15 and S1.16.

PROOF. The derivatives in these two lemmas can be derived by using the chain rule and
Lemmas S1.17 and S1.18 repeatedly, and the details are omitted here.

S2.10. Proof of Lemma S1.17.

TABLE S.1
Derivatives of (YrsY`t) w.r.t. Yjk

∂
(
YrsY`t

)
∂Yjk

r = `= j r 6= j, ` 6= j r = j, ` 6= j r 6= j, `= j

s= t= k 2Yjk 0 Y`k Yrk
s 6= k, t 6= k 0 0 0 0
s= k, t 6= k Yjt 0 Y`t 0

s 6= k, t= k Yjs 0 0 Yrs

PROOF. (1) By using the chain rule and derivatives shown in Table S.1, we have

∂Dαβ

∂Yjk
=

∑
16s6t6p

∂Dαβ

∂Ast
· ∂Ast
∂Yjk

[
∂Ast
∂Yjk

:=
∂(Y′ΣpY)st

∂Yjk

]

=

p∑
s=1

∂Dαβ

∂Ass
· ∂Ass
∂Yjk

+
∑

16s<t6p

∂Dαβ

∂Ast
· ∂Ast
∂Yjk

=

p∑
s=1

(
−DαsDtβ

)
·
∑
r,`

{
(Σp)r`

∂
(
YrsY`s

)
∂Yjk

}
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+
∑
s<t

(
−DαsDtβ −DαtDsβ

)
·
∑
r,`

{
(Σp)r`

∂
(
YrsY`t

)
∂Yjk

}

=
(
−DαkDkβ

)
·
{

2(Σp)jjYjk +
∑
`6=j

(Σp)j`Y`k +
∑
r 6=j

(Σp)rjYrk

}

+
∑
k<t

(
−DαkDtβ −DαtDkβ

)
·
{

(Σp)jjYjt +
∑
`6=j

(Σp)j`Y`t

}

+
∑
s<k

(
−DαsDkβ −DαkDsβ

)
·
{

(Σp)jjYjs +
∑
r 6=j

(Σp)rjYrs

}

=

p∑
s=1

(
−DαsDkβ −DαkDsβ

)( p∑
r=1

(Σp)rjYrs

)

=
∑
s,r

{
−
(

(Σp)jrYrsDsα

)
Dβk −

(
(Σp)jrYrsDsβ

)
Dαk

}
=−FjαDβk − FjβDαk,

where the third equality follows from the formula (II. 18) in Khorunzhy, Khoruzhenko
and Pastur (1996);

(2)

∂Fαβ
∂Yjk

=
∂

∂Yjk

∑
s,t

(
(Σp)αsYstDtβ

)
=
∑
s,t

(Σp)αs

(
∂Yst
∂Yjk

·Dtβ + Yst ·
∂Dtβ

∂Yjk

)
= (Σp)αjDkβ −

∑
s,t

(Σp)αsYst
(
FjtDβk + FjβDtk

)
= (Σp)αjDkβ −EjαDβk − FjβFαk;

(3)

∂Ejj
∂Yjk

=
∂

∂Yjk

∑
r

(
ΣpYD

)
jr

(
Y′Σp

)
rj

=
∑
r

∂Fjr
∂Yjk

·
(
Y′Σp

)
rj

+
∑
r

Fjr ·
∂
(
Y′Σp

)
rj

∂Yjk

=
∑
r

(
(Σp)jjDkr −EjjDrk − FjrFjk

)
·
(
Y′Σp

)
rj

+ (Σp)jjFjk

= 2(Σp)jjFjk − 2EjjFjk,

∂(EjjDkk)

∂Yjk
=
∂Ejj
∂Yjk

·Dkk +
∂Dkk

∂Yjk
·Ejj

=
(

2(Σp)jjFjk − 2EjjFjk

)
·Dkk − 2FjkDkk ·Ejj

= 2(Σp)jjFjkDkk − 4EjjFjkDkk.

The proof of lemma is complete.
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S2.11. Proof of Lemma S1.18.

PROOF. 1.
∂F̂αβ
∂Yjk

=
∂

∂Yjk

∑
s,t

(
(Σ2

p)αsYstDtβ

)
=
∑
s,t

(Σ2
p)αs

(
∂Yst
∂Yjk

·Dtβ + Yst ·
∂Dtβ

∂Yjk

)
= (Σ2

p)αjDkβ −
∑
s,t

(Σ2
p)αsYst

(
FjtDβk + FjβDtk

)
= (Σ2

p)αjDkβ − ÊjαDβk − FjβF̂αk;
2.

∂Ejr
∂Yjk

=
∂

∂Yjk

∑
`

Fj`
(
Y′Σp

)
`r

=
∑
`

∂Fj`
∂Yjk

·
(
Y′Σp

)
`r

+
∑
`

Fj` ·
∂
(
Y′Σp

)
`r

∂Yjk

=
∑
`

(
(Σp)jjDk` −EjjD`k − Fj`Fjk

)
·
(
Y′Σp

)
`r

+ (Σp)jrFjk

= (Σp)jjFrk + (Σp)jrFjk −EjjFrk − FjkEjr,

∂(ÊjjDkk)

∂Yjk
=

(
∂

∂Yjk

∑
r

Ejr(Σp)rj

)
·Dkk + Êjj ·

(
−2FjkDkk

)
=Dkk

∑
r

(Σp)rj

(
(Σp)jjFrk + (Σp)jrFjk −EjjFrk − FjkEjr

)
− 2ÊjjFjkDkk

= (Σp)jjF̂jkDkk + (Σ2
p)jjFjkDkk −EjjF̂jkDkk − 3ÊjjFjkDkk.

The proof of the lemma is complete.

S2.12. Proof of Lemma S1.19.

PROOF. The proofs of the first two inequalities are analogous with that of Lemma 4.2 and
(4.35) in Chen and Pan (2015), it is then omitted. As follows we prove the remaining two
inequalities.

When the event Un happens, inequality (S2.11) holds and then the proof of the second
inequality in Lemma S1.11 holds for z ∈ C` ∪ Cr , thus, we have

(S2.31) E|γk2|41Un
6K

(
1

n2
+

1

np

)
.

Moreover, by (S2.51) and Burkholder’s inequality (Lemma S1.3),

E
∣∣∣∣ 1

npbp
trM

(1)
k −

1

npbp
EtrM(1)

k

∣∣∣∣41Un

6
K

n4

(
ap
bp

+ z

√
n

pbp

)4

E
∣∣∣∣ n∑
j=1

(Ej −Ej−1)(trD− trDj)

∣∣∣∣41Un

6
K

n4

(
ap
bp

+ z

√
n

pbp

)4{ n∑
j=1

E|trD− trDj |4 +E
( n∑
j=1

Ek|trD− trDj |2
)2}

1Un

6
K

n2
,(S2.32)
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where the last “6” follows from the fact that |trD− trDj |1Un
is bounded.

Combining Lemma S1.1, (S2.31) and (S2.32), we obtain

E|µk|41Un
6K

(
1

n
+

1

n2
+

1

np

)
.

The proof of lemma is complete.

S2.13. Proof of Lemma S1.20.

PROOF. Let

εk =
1

z + (npbp)−1trM
(1)
k

,

µk =
1√
npbp

(x′kΣpxk − pap)− γk1 −
(

1

npbp
trM

(1)
k −

1

npbp
EtrM(1)

k

)
.

We have the decomposition:

M (1)
n (z) = trD−EtrD =

n∑
k=1

(Ek −Ek−1)tr(D−Dk)

=

n∑
k=1

(Ek −Ek−1)
(
−βk(1 + q′kD

2
kqk)

)
=

n∑
k=1

(Ek −Ek−1)
{
−(βk − εk)(1 + q′kD

2
kqk)− εkγk2

}
(S2.33)

=

n∑
k=1

(Ek −Ek−1)
{
−
(
ε2kµk + βkε

2
kµ

2
k

)
(1 + q′kD

2
kqk)− εkγk2

}
(S2.34)

=

n∑
k=1

(Ek −Ek−1)
{
−ε2kµk

(
1 +

1

npbp
trM

(2)
k

)
− ε2kµkγk2

− βkε2kµ2k(1 + q′kD
2
kqk)− εkγk2

}
=:

n∑
k=1

(Ek −Ek−1)(uk1 + uk2 + uk3 + uk4)(S2.35)

Below we explain (S2.33) and (S2.34) in more details:

• (S2.33) follows from

(Ek −Ek−1)εk(1 + q′kD
2
kqk) = (Ek −Ek−1)εk(q′kD2

kqk)

= (Ek −Ek−1)εk
(
q′kD

2
kqk −

1

npbp
trM

(2)
k

)
= (Ek −Ek−1)εkγk2.

• (S2.34) follows from the identity βk = εk + βkεkµk = εk + ε2kµk + βkε
2
kµ

2
k.

By Lemma S1.19, we have

E|uki|41Un
=O(n−1), i= 1,2,3,4,
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which, together with the decomposition (S2.35) and Burkholder’s inequality (Lemma S1.3),
implies that

E
∣∣M (1)

n (z)1Un

∣∣2 6K.

This completes the proof.

S2.14. Proof of Lemma S1.21.

PROOF. Using Lemma S1.1, we have

(S2.36) E(x′iΣ
2
pxi − pbp)2 6Kν4tr(Σ

4
p) 6K · p‖Σ4

p‖6Kp.

Note that tr(A∗B) is the inner product of vec(A) and vec(B) for any n×m matrices A and
B. It follows from the Cauchy–Schwarz inequality that

(S2.37)
∣∣tr(A∗B)

∣∣2 6 tr(A∗A) · tr(B∗B).

By using (S2.37), we have

E
∣∣∣∣ 1

npbp
trM

(1)
k (z)− 1

n
trDk(z)

∣∣∣∣2
=

1

(npbp)2
E
∣∣∣tr{Dk(z)

(
X′kΣ

2
pXk − pbpIn−1

)}∣∣∣2
6

1

(npbp)2
E
{
tr
(
Dk(z̄)Dk(z)

)
· tr
(
X′kΣ

2
pXk − pbpIn−1

)2}
6

1

(npbp)2
E
{
n
∥∥Dk(z̄)Dk(z)

∥∥ · tr(X′kΣ2
pXk − pbpIn−1

)2}
6

1

n(pbpv1)2
E
{
tr
(
X′kΣ

2
pXk − pbpIn−1

)2}
.

Indeed, by using (S2.36) and the fact E(x′iΣ
2
pxj)

2 = tr(Σ4
p) for i 6= j, we have

E
{
tr
(
X′kΣ

2
pXk − pbpIn−1

)2}
=
∑
i 6=k

E(x′iΣ
2
pxi − pbp)2 +

∑
i 6=j,i6=k,j 6=k

E(x′iΣ
2
pxj)

2

6 (n− 1) · pK + (n− 1)(n− 2) · pK.

Thus we have

(S2.38) E
∣∣∣∣ 1

npbp
trM

(1)
k (z)− 1

n
trDk(z)

∣∣∣∣2 6 Kn

p
.

Moreover, by (S2.48) and (S1.4), we have

(S2.39)
∣∣∣∣ 1n trD(z)− 1

n
trDk(z)

∣∣∣∣ (S2.48)
=

1

n

∣∣∣βk(1 + q′kD
2
kqk)

∣∣∣ (S1.4)
6

1

nv1
,

which, together with (S2.38) and the fact that mn(z)
a.s.−→m, completes the proof.
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S2.15. Proof of Lemma 6.1.

PROOF. In general, this proof extends the result of Chen and Pan (2015). We denote the
non-diagonal part of An = (X′ΣpX− papIn)/

√
npbp as

Bn = An − diag(An) =
1√
npbp

(
X′ΣpX− diag(X′ΣpX)

)
,

where we use the notation diag(A) to denote the diagonal matrix of A (replacing all off-
diagonal entries with zero). Then we have

(S2.40) max
16j6n

|λAn

j |= ‖An‖6 ‖Bn‖+ ‖diag(An)‖= ‖Bn‖+ max
16i6n

|Aii|,

where ‖ · ‖ denotes the spectral norm and Aii is the (i, i)-th entry of An.
Note that

max
16i6n

|Aii|=
1√
npbp

max
16i6n

∣∣∣∣ p∑
s=1

p∑
t=1

(Σp)stXsiXti − pap
∣∣∣∣

=
1√
npbp

max
16i6n

∣∣∣∣ p∑
s=1

(Σp)ss(X
2
si − 1) +

∑
s 6=t

(Σp)stXsiXti

∣∣∣∣
6

1√
npbp

max
16i6n

∣∣∣∣ p∑
s=1

(Σp)ss(X
2
si − 1)

∣∣∣∣+ 1√
npbp

max
16i6n

∣∣∣∣∑
s 6=t

(Σp)stXsiXti

∣∣∣∣.(S2.41)

From (S2.40) and (S2.41), it suffices to prove that, for any ε > 0,

(S2.42) Pr
(
‖Bn‖> η+ ε

)
= o(n−1),

(S2.43) Pr

(
1√
npbp

max
16i6n

∣∣∣∣ p∑
s=1

(Σp)ss(X
2
si − 1)

∣∣∣∣> ε

)
= o(n−1),

and

(S2.44) Pr

(
1√
npbp

max
16i6n

∣∣∣∣∑
s 6=t

(Σp)stXsiXti

∣∣∣∣> ε

)
= o(n−1).

Since (Σp)ss 6 ‖Σp‖, (S2.43) follows from inequality (9) in Chen and Pan (2012).
Next, we consider (S2.42). From the well-known Courant-Fischer theorem, we have

‖Bn‖2 = max
‖z‖=1

‖Bnz‖2 =
1

npbp
max
‖z‖=1

∥∥∥[X′ΣpX− diag(X′ΣpX)
]
z
∥∥∥2

=
1

npbp
max
‖z‖=1

n∑
i=1

(∑
j 6=i

(x′iΣpxj)zj

)2

6
‖Σp‖2

bp
max
‖z‖=1

1

np

n∑
i=1

(∑
j 6=i

(x′ixj)zj

)2

6

(
η

2

)2

‖B̂n‖2,(S2.45)

where B̂n = 1√
np

(
X′X− diag(X′X)

)
. For any sequence of positive numbers k = kp→∞

and ε > 0, we have

(S2.46) P
(
‖B̂n‖> 2 + ε

)
6

E‖B̂n‖2k

(2 + ε)2k
6

E
∑n

j=1

(
λB̂n

j

)2k
(2 + ε)2k

=
E tr(B̂2k

n )

(2 + ε)2k
.
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With an appropriate choice of the sequence {k = kp} and some sophisticated combinational
techniques, (Chen and Pan, 2012, p. 1413 - 1418) proved that for any ε > 0,

(2 + ε)−2kE tr(B̂2k
n ) = o(n−1),

which, together with (S2.45) (S2.46), implies (S2.42).
Finally, we consider (S2.44). For and ε > 0 and δ > 0, we have

Pr

(
1√
npbp

max
16i6n

∣∣∣∣∑
s 6=t

(Σp)stXsiXti

∣∣∣∣> ε

)

6 nPr

(∣∣∣∣∑
s6=t

(Σp)stXs1Xt1

∣∣∣∣> ε
√
npbp

)

6 n · (ε
√
npbp)

−(4+δ) ·E
∣∣∣∣∑
s6=t

(Σp)stXs1Xt1

∣∣∣∣4+δ
6 n · (ε

√
npbp)

−(4+δ) ·K · [tr(Σ2
p)]

2+δ/2(S2.47)

= o(n−1),

the estimation (S2.47) follows from Lemma S1.2 with k = 4 + δ. This completes the proof.

S2.16. Proof of Lemma 6.2. As explained in the main text, we first decompose the ran-
dom part M (1)

n (z) as a sum of martingale difference, which is given in (S2.54). Then, we
apply the martingale CLT (Lemma S1.4) to obtain the asymptotic distribution of M (1)

n (z).
Step 1: Martingale difference decomposition of M (1)

n (z).
First, we introduce some notations. Define

Xk = (x1, . . . ,xk−1,xk+1, . . . ,xn), Ak = 1√
npbp

(
X′kΣpXk − papIn−1

)
,

D = (An − zIn)−1, Dk = (Ak − zIn−1)−1, M
(s)
k = ΣpXkD

s
kX
′
kΣp, s= 1,2,

adiagkk =Akk − z = 1√
npbp

(
x′kΣpxk − pap

)
− z, q′k = 1√

npbp

(
x′kΣpXk

)
βk =

1

−adiagkk + q′kDkqk
, βtrk =

1

z + (npbp)−1trM
(1)
k

,

γks =− 1

npbp
trM

(s)
k + q′kD

s
kqk, s= 1,2, ηk = 1√

npbp

(
x′kΣpxk − pap

)
− γk1,

`k =−βkβtrk ηk
(
1 + q′kD

2
kqk
)
.

Note that adiagkk is the k-th diagonal element of D−1 and q′k is the vector from the k-th
row of D−1 by deleting the k-th element. By applying Theorem A.5 in Bai and Silverstein
(2010), we obtain the equality

(S2.48) trD− trDk =−
1 + q′kD

2
kqk

−adiagkk + q′kDkqk
=−βk(1 + q′kD

2
kqk).
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Straightforward calculation gives:
(S2.49) βk − βtrk = βkβ

tr
k ηk,

and
(S2.50) (Ek −Ek−1)βtrk (1 + q′kD

2
kqk) = Ek

(
βtrk γk2

)
, Ek−1

(
βtrk γk2

)
= 0,

where Ek(·) is the expectation with respect to the σ-field generated by the first k columns of
X.

By the definition of Dk, we obtain a basic identity:
(S2.51) DkX

′
kΣpXk = papDk +

√
npbp(In−1 + zDk).

If Σp = Ip, it is straightforward to derive that the limit of tr
(
M

(1)
k (z)

)
/(npbp) is m(z) by us-

ing (S2.51). However, when Σp 6= Ip, we need a more detailed estimate (see Lemma S1.21).
Applying (S2.48) – (S2.50), we have the following decomposition:

M (1)
n (z) = trD−EtrD =

n∑
k=1

(Ek −Ek−1)
(
trD− trDk

)
=−

n∑
k=1

(Ek −Ek−1)βk
(

1 + q′kD
2
kqk

)
(S2.49)

=

n∑
k=1

(Ek −Ek−1)(−βkβtrk ηk)
(

1 + q′kD
2
kqk

)
−

n∑
k=1

(Ek −Ek−1)βtrk
(

1 + q′kD
2
kqk

)

=

n∑
k=1

[
(Ek −Ek−1)`k −Ek

(
βtrk γk2

)]
.

(S2.52)

By using (S2.49), we can split `k as

`k =−(βtrk + βkβ
tr
k ηk)β

tr
k ηk

(
1 + q′kD

2
kqk

)
=−

[
(βtrk )2ηk + βk(β

tr
k )2η2k

](
1 + q′kD

2
kqk

)
=−(βtrk )2ηk

(
1 +

1

npbp
trM

(2)
k

)
− (βtrk )2ηkγk2 − βk(βtrk )2η2k

(
1 + q′kD

2
kqk

)
= `k1 + `k2 + `k3,(S2.53)

where `k1 = −(βtrk )2ηk
(
1 + trM

(2)
k /(npbp)

)
, `k2 = −(βtrk )2ηkγk2, `k3 = −βk(βtrk )2η2k

(
1 +

q′kD
2
kqk
)
.

By Lemma S1.10 and Lemma S1.11, it is not difficult to verify that

E
∣∣∣∣ n∑
k=1

(Ek −Ek−1)`k2
∣∣∣∣2 = o(1), E

∣∣∣∣ n∑
k=1

(Ek −Ek−1)`k3
∣∣∣∣2 = o(1).

These estimates, together with (S2.52) and (S2.53), imply that

M (1)
n (z) =

n∑
k=1

Ek
{
−(βtrk )2ηk

(
1 +

1

npbp
trM

(2)
k

)
− βtrk γk2

}
+ oP (1)

=:

n∑
k=1

Yk(z) + oP (1),(S2.54)
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where Yk(z) is a sequence of martingale differences.
Step 2: Application of martingales CLT to (S2.54).

To prove finite-dimensional convergence of M (1)
n (z), z ∈C1, we need only to consider the

limit of the following martingale difference decomposition:
r∑
j=1

ajM
(1)
n (zj) =

r∑
j=1

aj

n∑
k=1

Yk(zj) + o(1) =

n∑
k=1

(
r∑
j=1

ajYk(zj)

)
+ o(1),

where {aj} is any complex sequence and r is any positive integer. We apply the martingale
CLT (Lemma S1.4) to this martingale difference decomposition of

∑r
j=1 ajM

(1)
n (zj). To this

end, we need to check two conditions:

Condition 1. For any ε > 0,
n∑
k=1

E

(∣∣∣∣ r∑
j=1

ajYk(zj)

∣∣∣∣21{∑r
j=1 ajYk(zj)>ε}

)
= o(1).

Condition 2. For z1, z2 ∈C1, the sum

(S2.55) Λn(z1, z2) :=

n∑
k=1

Ek−1
(
Yk(z1)Yk(z2)

)
converges in probability to Λ(z1, z2) defined in (33).

First, we verify Condition 1. By Lemma S1.10 and Lemma S1.11, we have

E|Yj(z)|4 6K
δ4n
n

+K

(
1

n2
+
n

p2

)
,

which implies that, for each ε > 0,
n∑
k=1

E

(∣∣∣∣ r∑
j=1

ajYk(zj)

∣∣∣∣21{∑r
j=1 ajYk(zj)>ε}

)
6

1

ε2

n∑
k=1

E
∣∣∣∣ r∑
j=1

ajYk(zj)

∣∣∣∣4 = o(1),

thus, Condition 1 is satisfied.
Then, we verify Condition 2. Note that

−
(
βtrk
)2
ηk

(
1 +

1

npbp
trM

(2)
k

)
− βtrk γk2 =

∂

∂z

{
βtrk (z)ηk(z)

}
,

thus, we can rewrite Λn(z1, z2) as

(S2.56) Λn(z1, z2) =
∂2

∂z2∂z1

n∑
k=1

Ek−1
[
Ek
{
βtrk (z1)ηk(z1)

}
·Ek

{
βtrk (z2)ηk(z2)

}]
.

It is enough to consider the limit of

(S2.57)
n∑
k=1

Ek−1
[
Ek
{
βtrk (z1)ηk(z1)

}
·Ek

{
βtrk (z2)ηk(z2)

}]
.

By equation (4), Lemma S1.21, and the dominated convergence theorem, we conclude that

(S2.58) E
∣∣∣βtrk (z) +m(z)

∣∣∣2 = o(1).
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Combining (S2.57) and (S2.58) yields that
n∑
k=1

Ek−1
[
Ek
{
βtrk (z1)ηk(z1)

}
·Ek

{
βtrk (z2)ηk(z2)

}]

=m(z1)m(z2)

n∑
k=1

Ek−1
{
Ekηk(z1) ·Ekηk(z2)

}
+ oP (1)

=:m(z1)m(z2)Λ̃n(z1, z2) + oP (1).(S2.59)

In view of (S2.55) – (S2.59), it suffices to derive the limit of Λ̃n(z1, z2), which further gives
the limit of (S2.55).

Since Ek
{
ηk(z)

}
= (1/

√
npbp)

(
x′kΣpxk − pap

)
−Ek

[
γk1(z)

]
, we have

(S2.60) Ek−1
{
Ekηk(z1) ·Ekηk(z2)

}
=

1

n

{
b̃p
bp

(ν4 − 3) + 2

}
+A

(k)
1 +A

(k)
2 +A

(k)
3 ,

where

A
(k)
1 = Ek−1

{
Ekγk1(z1) ·Ekγk1(z2)

}
,

A
(k)
2 =−Ek−1

{
1√
npbp

(
x′kΣpxk − pap

)
·Ekγk1(z1)

}
,

A
(k)
3 =−Ek−1

{
1√
npbp

(
x′kΣpxk − pap

)
·Ekγk1(z2)

}
.

First, we show that A(k)
2 and A(k)

3 are negligible. Denote M
(1)
k (z) =

(
m

(1)
ij (z)

)
p×p, using the

independence between xk and M
(1)
k , we have

A
(k)
2 =

−1

(npbp)
3/2

Ek−1
[(∑

i,j

(Σp)ijXikXjk − pap
)

×
{∑
i 6=j

XikXjkEkm
(1)
ij +

p∑
i=1

(X2
ik − 1)Ekm

(1)
ii

}]

=
−1

(npbp)
3/2

Ek−1
{∑
i 6=j

(Σp)ijX
2
ikX

2
jkEkm

(1)
ij +

p∑
i=1

(Σp)iiX
2
ik(X

2
ik − 1)Ekm

(1)
ii

}

=
−1

(npbp)
3/2

{∑
i 6=j

(Σp)ijEkm
(1)
ij + (ν4 − 1)

p∑
i=1

(Σp)iiEkm
(1)
ii

}

=
−1√
npbp

Ek
{

1

npbp
tr
(
ΣpM

(1)
k

)
− ν4 − 2

npbp

p∑
i=1

(Σp)iim
(1)
ii

}
.(S2.61)

As for the first term in the bracket of (S2.61), we can estimate it by using a similar argu-
ment as in the proof of Lemma S1.21. Replacing pbp and M

(1)
k in the proof of Lemma S1.21

with tr(Σ3
p) and ΣpM

(1)
k , we can prove that

E
∣∣∣∣ 1

ntr(Σ3
p)
tr
(
ΣpM

(1)
k

)
− 1

n
trDk

∣∣∣∣2 6 Kn

p
.
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Moreover, by the fact b
2
p

ap
6 tr(Σ3

p) 6Kp, the first inequality of which follows from Cauchy–
Schwarz inequality, we conclude that

1

npbp
tr
(
ΣpM

(1)
k

)
=

tr(Σ3
p)

pbp
· 1

ntr(Σ3
p)
tr
(
ΣpM

(1)
k

)
=OP (1).

As for the second term in the bracket of (S2.61), we have

1

npbp

p∑
i=1

(Σp)iia
(1)
ii 6

‖Σp‖
npbp

p∑
i=1

a
(1)
ii =

‖Σp‖
npbp

trM
(1)
k =OP (1).

Thus, the term in the square bracket of (S2.61) is bounded in probability. Therefore, we
conclude that

∣∣∣∑n
k=1A

(k)
2

∣∣∣→ 0. Similarly, we can show that
∣∣∣∑n

k=1A
(k)
3

∣∣∣→ 0.

Now we consider A(k)
1 with the notation M

(1)
k (z) =

(
m

(1)
ij (z)

)
p×p,

A
(k)
1 =

1

(npbp)2
Ek−1

[{∑
i 6=j

XikXjkEkm
(1)
ij (z1) +

p∑
i=1

(X2
ik − 1)Ekm

(1)
ii (z1)

}

×
{∑
i 6=j

XikXjkEkm
(1)
ij (z2) +

p∑
i=1

(X2
ik − 1)Ekm

(1)
ii (z2)

}]

=
1

(npbp)2
Ek−1

{
2
∑
i 6=j

X2
ikX

2
jkEkm

(1)
ij (z1)Ekm

(1)
ij (z2) +

p∑
i=1

(X2
ik − 1)2Ekm

(1)
ii (z1)Ekm

(1)
ii (z2)

}

=
1

(npbp)2

{
2
∑
i,j

Ekm
(1)
ij (z1)Ekm

(1)
ij (z2) + (ν4 − 3)

p∑
i=1

Ekm
(1)
ii (z1)Ekm

(1)
ii (z2)

}

=
2

(npbp)2
tr
(
EkM

(1)
k (z1) ·EkM

(1)
k (z2)

)
+ oP (1),

where the last step follows from

E
∣∣∣∣ p∑
i=1

Ekm
(1)
ii (z1) ·Ekm

(1)
ii (z2)

∣∣∣∣2 6 p ·
p∑
i=1

E
∣∣∣Ekm(1)

ii (z1) ·Ekm
(1)
ii (z2)

∣∣∣2
6 p ·

p∑
i=1

(
E
∣∣∣Ekm(1)

ii (z1)
∣∣∣4)1/2

·
(
E
∣∣∣Ekm(1)

ii (z2)
∣∣∣4)1/2

6 p ·
p∑
i=1

(
E
∣∣∣m(1)

ii (z1)
∣∣∣4)1/2

·
(
E
∣∣∣m(1)

ii (z2)
∣∣∣4)1/2

6K(n4p2 + n2p3).

By the above estimates, we obtain

Λ̃n(z1, z2) =
2

(npbp)2

n∑
k=1

tr
(
EkM

(1)
k (z1) ·EkM

(1)
k (z2)

)
+
{ b̃p
bp

(ν4 − 3) + 2
}

+ oP (1),

=
2

n

n∑
k=1

Zk +
b̃p
bp

(ν4 − 3) + 2 + oP (1),(S2.62)

where

Zk =
1

n(pbp)2
tr
(
EkM

(1)
k (z1) ·EkM

(1)
k (z2)

)
.



CLT FOR LSS 29

In Lemma S1.7, we derive the asymptotic expression of Zk. This asymptotic expression
ensures that

(S2.63)
1

n

n∑
k=1

Zk→
∫ 1

0

tm(z1)m(z2)

1− tm(z1)m(z2)
dt=−1−

log
(
1−m(z1)m(z2)

)
m(z1)m(z2)

.

By (S2.56), (S2.59), (S2.62) and (S2.63), we have

Λ̃n(z1, z2)
p−→ ω

θ
(ν4 − 3)−

2 log
(
1−m(z1)m(z2)

)
m(z1)m(z2)

.

Therefore,

Λn(z1, z2)
p−→ ∂2

∂z1∂z2

{
ω

θ
(ν4 − 3)m(z1)m(z2)− 2 log

(
1−m(z1)m(z2)

)}

=m′(z1)m
′(z2)

{
ω

θ
(ν4 − 3) + 2

(
1−m(z1)m(z2)

)−2}
.

The verification of Condition 2 is then complete.

S3. Proofs of equations (35) and (36). This section contains proofs of equations (35)
and (36).

PROOF. We only consider the case j = `,0. (The case j = r is similar to j = `.) From
Proposition 6.1, we have E|M(z)|2 = Λ(z, z̄) = O(1). Figure S.1 shows the decomposition
of the contour C = C` ∪ Cr ∪ Cu ∪ C0. Let ‖Cj‖ denote the length of Cj , j = `,0, then∫

C0

E|M(z)|2 dz 6 |Λ(z, z̄)| · ‖C0‖= |Λ(z, z̄)| · (2ξn/n)→ 0

and

lim
v1↓0

∫
C`

E|M(z)|2 dz 6 lim
v1↓0
|Λ(z, z̄)| · ‖C`‖= lim

v1↓0
|Λ(z, z̄)| · 2(v1 − ξn/n) = 0.

Thus, the estimate (36) holds for z ∈ Cj , j = `,0.

We choose the event Un = {maxj6n |λAn

j |< η+ ε} with ε= (u1− η)/2. By Lemma 6.1,
the probability of U cn decays to zero faster than n−1, that is,

P(U cn) = o(n−1).

When the event Un happens, for any z ∈ C0, we have |mn(z)|6 2/(u1− η) and |m(z)|6 1.
Thus, we have∫

C0

E
∣∣Mn(z)1Un

∣∣2 dz =

∫
C0

E
∣∣n[mn(z)−m(z)−Xn(m)]1Un

∣∣2 dz

6 n

(
2

u1 − η
+ 1 + o(1)

)2

‖C0‖

= 2

(
2

u1 − η
+ 1 + o(1)

)2

ξn,

since ξn→ 0 as n→∞, we conclude that (35) is true for z ∈ C0.



30

open region U that
includes [−η, η]

<(z)

=(z)

η−η 0

ξn/n

−ξn/n

C= C` ∪ Cr ∪ Cu ∪ C0 ⊂U

C`

C`

Cr

Cr

C0 C0

Cu

Cu(−u1,−v1)

(u1, v1)

Fig S.1: Open region U and decomposition of the closed contour C

Recall that we decompose Mn(z) into a random part M (1)
n (z) and a deterministic part

M
(2)
n (z) for z ∈ C, where

M (1)
n (z) = n

[
mn(z)−Emn(z)

]
, M (2)

n (z) = n
[
Emn(z)−m(z)−Xn(m(z))

]
,

thus

(S3.1)
∫
C`

E
∣∣∣Mn(z)1Un

∣∣∣2 dz 6K

∫
C`

E
∣∣∣M (1)

n (z)1Un

∣∣∣2 dz +K

∫
C`

∣∣∣M (2)
n (z)1Un

∣∣∣2 dz.

By Lemma S1.20, we have

0 6
∫
C`

E
∣∣∣M (1)

n (z)1Un

∣∣∣2 dz 6K‖C`‖→ 0, as n→∞, v1 ↓ 0.

Similarly, we have ∫
C`

∣∣∣M (2)
n (z)1Un

∣∣∣2 dz→ 0, as n→∞, v1 ↓ 0.

Plugging these estimation into (S3.1) implies that (35) is true for z ∈ Cj , j = `.

S4. Proofs in applications. This section contains proofs of equation (15), Theorem 4.2,
and Proposition 4.1.

S4.1. Proof of equation (15).

PROOF. By Lemma 2.2 in Wang and Yao (2013), under the high-dimensional setting cn =
p/n→ c as p→∞, we have

n

(
1
p tr(S

2
n)−

(
1 + p

n + c(ν4−2)
p

)
1
p tr(Sn)− 1

)
d−→N

((
0
0

)
,

1

c2
H

)
,
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where

H =

(
4c2 + 4(ν4 − 1)(1 + c)2c 2(ν4 − 1)(1 + c)c

2(ν4 − 1)(1 + c)c (ν4 − 1)c

)
.

Define the function f(x, y) = x− 2y+ 1− py2/n+ p/n, then W = f
(
tr(S2

n)/p, tr(Sn)/p
)
,

and
∂f

∂x

(
1 +

p

n
+
c(ν4 − 2)

p
,1
)

= 1

∂f

∂y

(
1 +

p

n
+
c(ν4 − 2)

p
,1
)

=−2
(

1 +
p

n

)
f
(

1 +
p

n
+
c(ν4 − 2)

p
,1
)

=
p

n
+
c(ν4 − 2)

p
.

By the delta method, we obtain

n

(
W − f

(
1 +

p

n
+
c(ν4 − 2)

p
,1
))

d−→N (0, limD),

where

D =

∂f
∂x (1 + p

n + c(ν4−2)
p ,1)

∂f
∂y (1 + p

n + c(ν4−2)
p ,1)

′ ( 1

c2
H
)∂f

∂x (1 + p
n + c(ν4−2)

p ,1)

∂f
∂y (1 + p

n + c(ν4−2)
p ,1)

→ 4

as n→∞. Thus,

nW − p− (ν4 − 2)
d−→N (0,4),

and the proof of (15) is complete.

S4.2. Proof of Theorem 4.2.

PROOF. Recall that Sn = YY′/n, ap = tr(Σp)/p and bp = tr(Σ2
p)/p. Let An =

1√
npbp

(Y′Y − papIn) = 1√
npbp

(X′ΣpX − papIn). By some elementary calculations, we

obtain two identities:

tr(Sn) =

√
pbp
n

tr(An) + pap, tr(S2
n) =

pbp
n

tr(A2
n) +

2pap
n

√
pbp
n

tr(An) +
(pap)

2

n
.

Then W can be written as

W =
bp
n
tr(A2

n)− 2

p

√
pbp
n

tr(An)− bp
n2
[
tr(An)

]2
+
p

n
− 2ap + 1.

Li and Yao (2016) derived the limiting joint distribution of
(
tr(A2

n)/n, tr(An)/n
)

(see their
Lemma 3.1) as follows:

(S4.1) n

(
1
n tr(A

2
n)− 1− 1

n

(
ω
θ (ν4 − 3) + 1

)
1
n tr(An)

)
d−→N

((
0

0

)
,

(
4 0

0 ω
θ (ν4 − 3) + 2

))
.

Define the function

g(x, y) = bpx−
2n

p

√
pbp
n
y− bpy2 +

p

n
− 2ap + 1,
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then W = g
(
tr(A2

n)/n, tr(An)/n
)
, we have

∂g

∂x

(
1 +

1

n

(ω
θ

(ν4 − 3) + 1
)
,0
)

= bp,

∂g

∂y

(
1 +

1

n

(ω
θ

(ν4 − 3) + 1
)
,0
)

=−2n

p

√
pbp
n
,

g
(

1 +
1

n

(ω
θ

(ν4 − 3) + 1
)
,0
)

= bp +
bp
n

(ω
θ

(ν4 − 3) + 1
)

+
p

n
− 2ap + 1.

By (S4.1), we have

n

(
W − g

(
1 +

1

n

(ω
θ

(ν4 − 3) + 1
)
,0
))

d−→N (0, limA),

where

A=

(
∂g
∂x(1 + 1

n(ωθ (ν4 − 3) + 1),0)
∂g
∂x(1 + 1

n(ωθ (ν4 − 3) + 1),0)

)′(
4 0
0 ω
θ (ν4 − 3) + 2

)(
∂g
∂x(1 + 1

n(ωθ (ν4 − 3) + 1),0)
∂g
∂x(1 + 1

n(ωθ (ν4 − 3) + 1),0)

)
→ 4θ2.

Thus,

n
(
W − bp −

bp
n

(ω
θ

(ν4 − 3) + 1
)

+ 2ap − 1− p

n

)
d−→N (0,4θ2),

that is,

nW − p− θ
(ω
θ

(ν4 − 3) + 1
)

+ n(2γ − 1− θ) d−→N (0,4θ2).

The proof of Theorem 4.2 is complete.

S4.3. Proof of Proposition 4.1.

PROOF. For the test based on statistic W , by Theorem 4.1 and 4.2, we have

β(H1) = P
(

1

2

(
nW − p− (ν4 − 2)

)
> zα

∣∣∣H1

)
= P

(
nW − p− θ

(ω
θ

(ν4 − 3) + 1
)

+ n(2γ − 1− θ)

> 2zα − θ
(ω
θ

(ν4 − 3) + 1
)

+ n(2γ − 1− θ) + (ν4 − 2)
∣∣∣H1

)
= 1−Φ

(
1

2θ

{
2zα − ω(ν4 − 3)− θ+ n(2γ − 1− θ) + (ν4 − 2)

})
,

since 2γ − 1 6 γ2 6 θ, Proposition 4.1 follows.

S5. Additional simulation results. This section contains some additional simulation
results of the paper. The simulation settings are the same as those in Section 5.1 of the main
paper except p= n2.5.



CLT FOR LSS 33

TABLE S.2
Empirical mean and variance of Gn(fi), i= 1,2,3 from 5000 replications. Theoretical mean and variance are

0 and 1, respectively. Dimension p= n2.5.

Σp =ΣA Σp =ΣB Σp =ΣC Σp =ΣD

n mean var mean var mean var mean var

50 -0.0024 1.0064 0.0087 0.9873 0.0008 1.0101 -0.0063 0.9999
100 0.0021 1.0039 0.0242 0.9834 -0.0185 0.9992 -0.023 0.9877
150 -0.0067 1.0312 0.0208 0.9798 0.0191 0.9923 0.0068 0.9977
200 0.0081 0.9752 -0.0271 0.9767 -0.0012 0.9817 0.0042 0.9924
Gn(f1) Gaussian

50 0.0064 0.9928 -0.0172 1.0451 0.0064 1.0145 0.0248 1.0085
100 0.0204 0.9853 -0.0105 0.9678 0.0201 1.0295 -0.0036 1.0107
150 0.0156 1.0115 -0.0024 0.9977 0.0143 0.9766 -0.0002 1.0046
200 0.0091 0.9842 -0.0201 0.9863 -0.0087 1.0251 0.0107 0.9621
Gn(f1) Non-Gaussian

50 0.0036 1.0309 -0.0089 1.0246 -0.0024 1.0002 -0.0032 1.0283
100 -0.0101 0.9941 -0.002 1.0386 -0.0238 0.9857 0.0002 1.023
150 -0.0131 1.0129 0.0031 0.9589 0.0012 0.9781 0.0106 1.0162
200 0.0199 0.998 -0.0177 1.0273 -0.0151 1.0115 0.0132 1.0278
Gn(f2) Gaussian

50 -0.0077 1.1137 -0.0114 1.1008 0.0085 1.1179 0.0116 1.0816
100 0.016 1.022 0.0128 1.0405 -0.0093 1.0207 -0.0118 1.0573
150 -0.0159 1.0203 -0.016 1.0384 0.0174 1.0538 0.0067 0.9585
200 -0.0017 1.0158 -0.0159 1.0257 -0.0038 1.0273 0.0192 1.0463
Gn(f2) Non-Gaussian

50 0.0049 1.0541 0.0208 1.0843 0.0443 1.0284 0.0107 1.0174
100 0.0115 1.06 0.0475 1.0313 -0.0048 1.0689 0.0051 1.0027
150 0.0059 1.0479 0.0317 1.0151 0.0309 1.0301 0.0184 1.0596
200 0.0209 0.9741 -0.0142 1.0178 -0.0019 0.9765 0.0304 1.0195
Gn(f3) Gaussian

50 0.0511 1.129 0.0423 1.1733 0.0584 1.1513 0.0861 1.1456
100 0.0485 1.0639 0.0198 1.0319 0.0488 1.0817 0.0252 1.0579
150 0.0288 1.0518 0.0189 1.0393 0.032 1.0263 0.0348 1.1
200 0.0128 1.0134 0.0055 1.0179 0.0215 1.0218 0.0386 0.9725
Gn(f3) Non-Gaussian
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(c) f3 = x3, Gaussian data
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(d) f1 = x, non-Gaussian data
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(e) f2 = x2, non-Gaussian data
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(f) f3 = x3, non-Gaussian data

Fig S.2: Histograms of Gn(fi), i = 1,2,3 from 5000 replications under the case (D) with
(p,n) = (2002.5,200). The curves are density functions of standard normal distribution.
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