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This supplementary document contains some technical lemmas and their proofs, proofs
of Lemmas 6.1 — 6.2, equations (15), (35), (36), Theorem 4.2, and Proposition 4.1. We also
report some additional simulation results in this document.

S1. Some technical lemmas.

LEMMA S1.1 (Bai and Silverstein (2010), Lemma B.26). Let A = (aj;) be an n x n non-
random matrix and x = (X1, ..., X,,) be a random vector of independent entries. Assume
that EX; =0, E|X;|?> = 1 and E\Xﬂﬁ < vy. Then, for any k > 1,

E|x*Ax — trA]k <O {{w;tr(AA*)}k/2 + ngtr(AA*)k/Q} ,

where CY, is a constant depending on k only.
1


https://imstat.org/journals-and-publications/annals-of-statistics/
https://orcid.org/0000-0001-8468-0290
https://orcid.org/0000-0002-3406-5051
https://orcid.org/0000-0003-3147-2775
mailto:qiujx@connect.hku.hk
mailto:liz9@sustech.edu.cn
mailto:jeffyao@cuhk.edu.cn

LEMMA S1.2 (Pan and Zhou (2011), Lemma 5). Let A be a p X p deterministic complex
matrix with zero diagonal elements. Let x = (X1, ..., X,)' be a random vector with i.i.d. real
entries. Assume that EX; =0, E\Xilz = 1. Then, for any k > 2,

(SL.1) Elx Ax[* < C{E|[X, [} (trAA*)*/?,
where CY, is a constant depending on k only.
LEMMA S1.3 (Burkholder’s inequality, Burkholder (1973)). Let {X;} be a complex mar-

tingale difference sequence withe respect to the increasing o-field {F;}. Then for k > 2, the
following inequality

E‘;Xi

holds, where Cy, is a constant depending on k only.

kgckE{ZE{’Xi\z\E_l}}k/2+CkEZ‘Xi\k

LEMMA S1.4 (Martingale CLT, Billingsley (2008)). Suppose for each n, {Yyi}1<k<r.,
is a real martingale difference sequence with respect to the o-field {F,x} having second
moments. If as n — o0,

Tn
> B | Fuko1) =07,
k=1

2

where 0* is a positive constant, and for each € > 0,

ZE<Yn2k]l{\Ynk|>s}) -0,
=1

then

Tn
3 Yo -5 N(0,02).
k=1

LEMMA S1.5 (Billingsley (1968), Theorem 12.3). The sequence {X,} is tight if it sat-
isfies these two conditions:

(i) The sequence {X,(0)} is tight.
(ii) There exist constants v > 0 and o > 1 and a non-decreasing, continuous function F' on
[0, 1] such that

1
P(|Xa(te) = Xu(t)| 2 3) < 5 |F(t2) - F ()]
holds for all t1,to and n and all positive \.
LEMMA S1.6 (Bai and Silverstein (2004), Lemma 2.3). Let f be analytic in D, a con-
nected open set of C, satisfying |f(z)| < M for any z € D, then, on any set bounded by a

contour interior to D, f'(z) is bounded.

Lemma S1.7 is about the asymptotic expression of Zj, which is used in Section S2.16 to
derive the finite-dimensional convergence of Mﬁl) (2).
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LEMMA S1.7. For 21,29 € CT,

1 1) 1) _ %m(zl)m(@)
Ly, = n(Pbp)Qtr{EkMkl (21) 'E’“Mkl (z2)} 1 Em(z1)m(z) o)

Lemmas S1.8 and S1.9 are used in the proof of Lemma S1.7.

LEMMA S1.8.  For ¥;(z) and (;(z) defined in Lemma S1.7, we have

4

E|9(z) — — 0, E(Gi(2) +2zm(z)| —0, as m— oo.

m(z) ’4

LEMMA S1.9. Let B be any matrix independent of x;.

< Kp*n’E|BJ?,

(S1.2) E|x/M},Bx;|’

(S1.3) E|x/3,MyBS,x;|* < Kp*n’E|B|%.
Lemmas S1.10 and S1.11 are used in Sections S2.16 and 6.4.

LEMMA S1.10. For z € Cq, we have

Be() <11, 1B (2)]

1
‘1 + —trM,(:)(z)‘ <1+
npby,

gl/vlv

L 1,2
e s=1,4
vy

1
(S1.4) 1Be{1+ q;Di(2)ax }| < o

LEMMA S1.11.  Under the assumption p A n — 0o, p/n — oo and truncation, for z €
Cq,

K 1 n
E|7ks’2<77 E|’Yks|4<K< 2 + 2)7
n n p

K o4 1 n
E’nk‘2<g> E’nk‘4<K7Z+K<nQ+p2>.

Lemmas S1.12, S1.13 and S1.14 are used in Section 6.5 to derive the convergence of the
non-random part MT(LQ) (z). They are proved following the strategy in Bao (2015).

LEMMA S1.12.  Under the assumption p A n — 0o, p/n — oo, for z € Cy, we have

(SL.5) Var(m,,) :0( L )

n?
LEMMA S1.13.  Under the assumption p An — oo, p/n — oo, for z € Cyand 1 < ¢ < n,
2
1
= O<> +O<n>.
n p

LEMMA S1.14.  Under the assumption p An — o0, p/n — oo, for z € Cy and 1 < < p,

=oG)) )

E|(Dyp+ ———
‘ M+z—|—Emn

(S1.6) E ‘D’M +

1
apy/p/(nby) + z +Em,,
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where Dyy is the (-th diagonal entry of the matrix

—1
~ ~ 1/ 1/, a
D= (Dij)pxp - <2p/ Ylep/ — \/EZIP — ZIp> .
VvV Yp

Lemmas S1.15 and S1.16 provide some derivatives of F}; and ﬁjk for applying the gen-
eralized Stein’s equation in Section 6.5.
Recall that

D:=(A, — 21,7, E:=3,YDY'S, = (Ejj)pxp, F:=3,YD = (F};)pxn-

LEMMA S1.15 (Derivatives of Fj).

OF;,
8}% = () Dik — Ejj D — Fij;
J
D*Fjy, 3
Sy2 = —0(2p)iiFjnDik + 65 FjpDir + 2Fj3;
jk
aSij 2 12 2 2 4
v —6(Xp)3; DRy, + 36(Xp) 5 F i Dik + 12(y) 5 Ej; Diy, — 36 By Dy — 6E3; Dy, — 6Fj;
ik
34ij 2 3
oy =120(%, )j] Fi D7y — 240(2,) 55 Jkak—240(2 )53 Ejj Fik Dig + 240E;5 F3 Dy
ik
+ 120E3, Fj Dy, + 24F));
aBij 6 2 3 4
7 = —120F};, — 1800EJ]F Dy — 1800E”FJ D2, — 120E; Dkk+1800(2) iFji Dik
ik
+ 3600(%,);, E; Fkak+360(2 )i E2 Dkk 1800(X, ) Fkak
—360(3,)3 E;; D3y, + 120(3,)% Diy
Recall that

E=%,YDY'S2=(Ej)pxp,  F:=32YD = (F};)psn-

LEMMA S1.16 (Derivatives of ﬁ‘jk).

oy o= (2255 Dir — Ejj Dk — FjiFii;

J

02 Fy - ) - _

y2 = _Q(Ep)ijjkak — 4(2p)ijjkak + 2F F gk + 4Eijjkak + 2Eijjkak;
ik

agﬁjk 2 - -~ 2

5y3 = —6(23)5(2p)j5 Dk — 6FjFjp — 185 F}, Dy — 18y Fyyo Py Dy, — 6 Ey By Diy,
ik

+18(%,)j; i Fje Dk + 6(2p) j; B D3y, + 18(22) 15 F % Dk + 6(22) 1, B D3y
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ayi = 24F)) Fjj, + 96 E;; 3, Dyi, + 144E;; F 5. Fix Dy + 96 Ej B Fin Dy + 24E5 Fj Diy
ik
— L44(y) j i Fje Di — 96(3p) 15 Ejj Fire Dy — 48(2) 35 By Eji D + 24(2) 3, Fn Diy

—96(32); Fik Dir — 96(22) 555 Fje Diy, + 96(5) 5 (23) 15 Fir Dy

Lemmas S1.17 and S1.18 provide the derivatives of some quantities with respect to Y,
which can be used to obtain the derivatives of I, (Lemma S1.15) and Fj;, (Lemma S1.16).

LEMMA S1.17. Forany o, j €{1,2,...,p} and 5,k € {1,2,...,n}, we have

dDys
0ij = —FjaDgr — FjgDag;
OF.
B = (2p)ajDrs — EjaDsr — FjsFok;
Y
O(E;; D
O(Ej; Dy) =2(32,);;Fjk Dk — AE;j Fji Dy
Y

LEMMA S1.18.  Forany o, j €{1,2,...,p} and 5,k € {1,2,...,n}, we have

3ij = (3})ajDrs — EjaDpr — FigFak;
d(E;;D - _ ~
w = (217)]' ijDkk + (Ei)ijjkak — Eijjkak — 3Eijjk:Dkk-
J

Lemmas S1.19 and S1.20 are used in Section S3 to prove equations (35) and (36).

LEMMA S1.19. For z € C, U C,., we have
|Be1y, < K, lex| < K, Elyie| 1y, =0(n™?), Elpk|'1y, =0(n™).
LEMMA S1.20. For z € C,UC,, we have

E| MV (2) 1y, |* < K.
Lemma S1.21 is used in the proof of Lemma 6.2.

LEMMA S1.21.  Under the assumption p A\ n — 0o, p/n — oo, for z € Cy, we have

2
! tr{M,(:)(z)} —m(z)| < An + K

E —.
npby p n?

S2. Proofs of lemmas. This section contains proofs of Lemmas S1.7 — S1.21, Lemmas
6.1 -6.2.



S2.1. Proof of Lemma S1.7.

PROOF. Let {e;,i =1....,k—1,k+1,...,n} be the (n — 1)-dimensional unit vectors
with the i-th (or (i — 1)-th) element equal to one and the remaining equal to zero according
asi < k (ori > k). Write X, = Xj; + xieg. Let I(i) be n x n diagonal matrix with all 1’s on
the diagonal except the i-th element being zero, and

1
-1 —1
D;,, =D, —ehi= npbp< i 2p X, — papl(z')> —zlpa,
-1 —1 ! / 1 !
Dki = Dk - ezhi r,e, = (XMEPX,“- - papI(i)) - ZInfl,
\/1npby
h =L S Xt (’2 )e r L x»
= X i X X Qa , — . X',
7 nppzpk \/szl pap )e; ? npbpkzpl
1
G=T"—5, Ui = hiDy; . (2)e;, My, = XX Dii(2) X, 2y
1+
We have some crucial identities,
/
(52.1) Xkiei =0, e;Dki,r =e;Dy; = —g,
z

where 0 is a p-dimensional vector with all the elements equal to 0. By using (S2.1) and some
frequently used formulas about the inverse of matrices, we obtain two useful identities:

Dy — Dy = =Dy (D — Dyl )Dy = =Dy (ei1}) Dy,

(52.2)
= —Dy,i »(e;h})((iDkir) = —(iDpir(eh]) Dy
and
Dyi, — D= _Dki(D];;r — D, )Dyir = —Dyi(rie;) Dy,
(S2.3) . .

! / / /
= —Dk1< MEPXiei> D]ﬂ = Dk'L kisziei.

Using (S2.2) and (S2.3), for ¢ < k, we obtain the following decomposition of EkM,(;) (2),
EM, (2) =E; {Ep(in + x;€}) Dy, (Xpi + Xieé)/zp}
=B (5, XuDiXp 3, + X iDpeix| S,

+ szie;DkX;m-Ep + prie;Dkeixgzp)

— By My, — Ek{ i(2) Mkixix;Mki} 4 Ek{g(z) Mki}xixgzp
znpby, z\/%
Gi(2)
(S2.4) + prixéEk{zkai — Ek{g(z)/z}ﬁpxixéﬁp

= Bl(z) + BQ(Z) =+ Bg(Z) + B4(z) =+ B5(Z)
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Write

Z el ZInfl.

i=1(#k)
Multiplying Dy, on the right-hand side, we have

n
Dy=-L, 1+ > ehD;
i=1(#k)
Multiplying 3,X}, on the left-hand side, X}, 3, on the right-hand side, we get

n
A - EXXE, Y B XD,

i=1(zk)
Thus
2B (MY (2)) = —Ep (Z,X0 X5, Z Ey. (2, XpehDp X, 5,)
i=1(k)
_ _2pEk( 3 xixg> S+ Y Ek{Qprih;Dk”(X;i +eixg)zp}
i=1(k) i=1(k)
=—(n—k)%; - Z <prix22p)
i<k
E, X5 XD X 5
+le:k (\/”Wbp pXiXj2p A ki Ukir A p>
+ Z Ek(CiEpXih;Dki,reiX;2p>
i=1(k)
Gi /
—(n— k)22 — Z Exx2, ) + Z ]Ek( prixiMki>
g i<k< ) i—1(£k) V/1Pbp
(S2.5) + Y B (g,-ﬁiszixgzp).
i=1(k)

Applying (S2.4) and (52.5) to EkM( (z2) (for i < k) and zlEkM( )( 1), we get the
following decomposition'

lek = (pb ) tr{EkM( )(21) 'EkM](Cl)(ZQ)}
= 1 Str H—(n — k:)Z]ZQ) — Z(prix22p> + i E; <szXiX;Mki>
n(pbp) i<k i=1(#k) v npbp
+ Y E (gimszixgzp)} X EkM,(j)(@)]
i=1(#k)
(S2.6)

= C1(21,22) + Ca(z1, 22) + C3(21, 22) + Cu(21, 22),



where
n—k 2 (1)
01(21,22) n(pbp)2 {2 Eksz (Zg)}
(82.7)

5
Cy(z1,22) = e 22){2 {Z 22)}prizzczj,
j=1

Cs(21,22) = QZ |:\/7XM]“ 21) {ZB (22) }szz}

7j=1

(S2.8) 22 [Fx Mkz(zl){EkM() } pxz} Zc?w
5
Ca(21,22) = (b, ZEk [Cz z1)V Zl)ngp{ZBj(@)}EpXi]
j=1

(S2.9) ZE;C[Q 21)0 Zl)xi){EkM() } pxl] 2041

Now we estimate all the terms in (S2.6). We will show that these terms are neghglble as
n — 00, expect Cos, C'33, Cy5 defined in (S2.7) — (S2.9).
k

For Cy (21, 22), we have
e {5 maen = 0(55) -0t =o( ).

where the second equality follows from the fact |tr{ %2 EkMg) (22) }| = O(np), which can
be verified by using the similar argument in the proof of Lemma S1.21.
Applying Lemma S1.8 and inequality (S1.3) with B =1,,, we have

E|C1(21,22)| =

E|Ca| < ZE}XE EpMyi(22) - Spx |

(pp
Kn

i S e )

Applying Lemma S1.8 and inequality (S1.3) with B = X,,, we have

E|Cha| < R ZE

x\%, - Fy { C’(sz) Mki(ZQ)XiX;-Mki(ZQ)} - BpXi

22Mpoy
K 2 Kn
=— E|x/Mp;(22)Zpx;|” < —.
n2(pb Z]; } % 2) D z’ D
Similarly, we obtain
Q(Zz) } /
E|C E|C XE -E M XX 2 - 20X
‘ 23| | 24| (p k{ \/W k:z iR p pXi
K

X, 2, My (22)%; - X szz

an,/
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K 2y /2
S poo{E
nptynp i<k
Applying Lemma S1.8 and inequality (S1.2) with B = E;M};(22)3,,, we have

(2
E|Cs1|= 22 ‘ {C ) QMki(Zl)'EkMki(@)'pri}‘

\/ p
K n
< npszE gK\/;.

x;Mp;(21) - ExMy; (22) - Epx;
We define (;(z) and My;(z) as the analogues of (i(z) and My;(z), respectively, using

24 1/2
e

n
x, szi —.
p

X2, My (22)%;

{x1,..., Xk, Xk+1,...,Xpn}, Where Xp11,...,X, are i.i.d. copies of Xx1,...,X, and inde-
pendent of x,...,x,. Then,

ZZ ’ [m XMy (21) - Ek{f;i;zblei(zQ)xix;Mki(ZQ)}-szi]

pb 22 ’ [\g/Zip xMiz1) B {ZiT(Lpb) Mis(z2)3e, Mkl(@)}.szi]

K
S n2p\/mp 4 ZE [x M (1) M (z2)3% - XM’“(ZQ)ZPXZ:|
K , —~ 2) /2 — 2y /2
gngpg\/@;{ X M (21) My (22)x; } { XMy (29) 2%
(S1.2) m
h p

Similarly, we have
E|Cs;] < K%, j=4,5,6.
Applying Lemma S1.8 and inequality (S1.3) with B =1,,_;, we obtain
E|Cy;| < K%, j=1,2,3,4,6.

Moreover, by using Lemmas S1.8 — S1.9 and Lemma S1.21, we obtain the following

limits:
1 / CZ(ZQ) /
:—75 > —E YoXiX: 2, | XX
Cos ”(pbp)2 i<k <XZ p{ k{ Z2 pi¥iSp | Sp%

- 2 m(zg) Z(xéEixi)z

n(pbp i<k

_ _Smm) +op, (1),

PO8E Z]Ek< V;(21)x,% [ Ek{gzg)}szixgzp} prZ)
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= n(;%)g ;Ek [—m2(21)m(z2) (xgzgxi)Q] +or,(1)

_ _gmazl)m(@) +or,(1),

and
Gi(=1)
npby,

Gi(22)
224/Mpbp
1

= anQbQZ1m(21)m(zQ){ZXQEkMki(ZﬂEkMki(@)Xi} +or,(1)
p i<k

1
Cy3=—— ZEk [ X;Myi(z1) {Ek Mki(z2)}XiX;2129Xi]
n(pbp) i<k

= %m(zl)m(ZZ)lek +or, (1).

From above estimates, we have

1Ly = —%m(zg) — ﬁmQ(zl)m(z'g) + Em(zl)m(zz)zlzk +or,(1)

= Ezlm(zl)m(zg) + %ZleL(Zl)m(ZQ)Zk +or,(1),

which is equivalent to

2, — Em(z1)m(z2)

11— %m(zl)m(zg) o (l).

S2.2. Proof of Lemma S1.8.

PROOF. This lemma can be proved by using similar arguments in Section 5.2.2 of Chen
and Pan (2015). O

S2.3. Proof of Lemma S1.9.

PROOF. Note that M; and x; are independent. By using Lemma S1.1, we have
(S2.10) E|x;M}; Bx; — trM,m»By2 < K {v4Etr(M;BBMy,;) } < Knp?||B|?,
where we use the fact that

|tr (M BBMy;) | = [tr(Z, XDy X}, Z,BBE, X ;D X, 5, ) |
= |tr (DX}, 2, BB, X3, Dy X}, 22X, D, |
<n- DX IB) - BB - [
X |3 X D X3 2 - 12 - 13X D |
=n- S IB|? - |3 X5 D X, 2,17
=n-[|Zp)1 - 1B - D5 X7 Zp X |
=n- | Zp|* - IBI* - [[v/npby(Tn—1 + zDgi) + payLi;) Dy |
(S2.11) < Knp?||BJ2.
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By (S2.10) and the c,-inequality, we have
’2

E|x/My,Bx;|” < K{E\X;Mk,-Bx,- — My, B|* + E]trM;ﬂ-B]z} < Kp*n?E| B,

which completes the proof of (S1.2). By using the same argument, we get (S1.3). O
S2.4. Proof of Lemma S1.10.

PROOF. The proof of Lemma S1.10 exactly follows Chen and Pan (2015), so is omitted.
O

S2.5. Proof of Lemma S1.11.

PROOF. By Lemma S1.1 and taking B = I, in the inequality (S2.11), we have

patr(MEM) <

Elyke|* < 2 .

Similarly, we can prove that E|n;|? < K/n.

Now, we prove the bounds for the 4-th moments of ~;, and 7. Let H be M,(:) with all
diagonal elements replaced by zeros, then we have

(S2.12)  ElxHx* < K(EX})2E(rHH?)® < KE(trMOMLY)* < Kn2p*.

The first inequality follows from Lemma S1.2, and the last inequality follows from (S2.11).

Let E;(-) denote the conditional expectation with respect to (X1, Xog, ..., X;x), and
let mgj) denote the j-th diagonal entry of M

1)m§f;) =0, then (ka - 1)m§§) can be expressed as a martingale difference

, where j =1,2,...,p. Since Ej_l(XJZ —

(S2.13) (X% - 1ml) = (B, - Ejfl){(ka - 1)m§§)}.

Applying the Burkholder’s inequality (Lemma S1.3) to (S2.13) yields that

p
2 (G~ Umyj

=1

4
E

4)2

p
< KE (Z Ej_l‘(xj?k - 1)m§.§)
j=1

2 2 p
> +KE<Z‘(ka— ym
j=1

p p
< K(Z E|X11|*|m? |2) + K> E[Xu[PE[m?)|*
j=1 j=1

(S2.14) < Kn’p? + Knp?,

where we use the fact that, with e; be the j-th p-dimensional standard basis vector and y be
an (n — 1)-dimensional random vector with Ey; = 0 and Ey? = 1,

4
Em{)|! ~ |} =, X DX Spe,|

(S2.15) <oy PE| €S, Xe| = o7 ¥ (Z2D)LE|y||° < Knt + Kn?p,
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where (32);; = 23(219) is the j-th diagonal elements of 322. By Rayleigh-Ritz Theorem,
we know that (X ) < Amax (X ) K. Combining (52.12) and (52.14) yields that

1 p 4
Elyks|* < (npb )4E Z(X — 1)m(s) + x), Hxy,
POp =
K p © 4
S
S n4p4E Z(ka - 1)m13 + 4E|X2HX’€‘4
j=1

Moreover, by Lemma S1.1, we have

K& 1
Eln|* < E|Xk2pxk pap‘ +KE‘71¢1‘ - +K(n?+;>'

This completes the proof of the lemma. O
S2.6. Proof of Lemma S1.12.

PROOF. By the identity m,, — Em, =—>}_, (Ek—l my, — B mn) , we have

Var(m,) EjEuajlmn Exmn’+2 Y E(Eeimy—Egmy) (B mn—Eemy).
k=1 1<s<t<1

Since each term in the second sum on the RHS of the above identity is zero, we write

Var(my,) ZE‘Ek 1mn—Ekmn}
k=1

2

where E () denotes the expectation w.r.t. the o-field generated by xj. To prove (S1.5), it
suffices to show

(S2.16) EMM—EMWM|_O<3) 1<k<n.
n

Now we deal with the case k£ = 1, and the remaining cases are analogous and omitted.

Denote Y = (ﬁj)pxn = E;/2Y where Y = (npb,)~'/*X, and let ¥}, be the k-th column
of Y. Let Y}, be the p x (n — 1) matrix extracted from Y by removing ¥y, then the matrix
model (1) can be written as

yiy1— \/g\%: (Y131
B ?3571 ?/1?1 - \/%\/Z:Infl
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With notations Ay = ?;?k —

4 \%—In—1 and Dy, = (A — 2I,,) !, we have
trD — trD;y
- 2
1+ (Yiy1) <Y Y, - — 2, 1) (Yiy1)

-1 -
(?’ﬁl — \/g\;z» ) — Y1Y1 (Y Yl \/> ap I ZIn_1> (Y’ﬁl)

143, [?1?’1 (?1Y’ Vi zln_1>_2}§1
:(y'y — T )—”{YY(Y Y- f“PI zI_)_1}~
1¥1 " /b, Y1 IR S n—1 y1

14+U
V Y
where the second “=" comes from the identity

B(AB — ol) "A =BA(BA —al)™"

Moreover, with notations U and V', we can write D17 = 1/V and

E ’mn — E(l) mn|2 = %E ‘(trD — trDl) — E(l)(tl’D — trDl)

)50 e (50

-
1
<n2{ veo(v)

‘2 ('.'E(l)trDl :trDl)

2 2
U U
rafZ -z (2)[)

By the same arguments as those on Page 196 of Bao (2015), it is sufficient to prove that

1 1
(S2.17) EqlU-EqUPP=0 <n> EqlV -Eqy V=0 (n>

For simplicity of presentation, we define

¢
HY — (HJW> =YY (YlY’ \/Ea” L, — zIn_1> . =12
pXp

Then, we write

p
(S2.18)  U-EnU=> HIVaVn+ Y HE(VZ-EY3),

i#j i=1
(5219)  V-Eq)V=y51— />~ > HYaY; - ZH[” Y2 -EY3).
p i#£]
Now we proceed to prove (S2.17). From (S2.19), we have
lV=Eq V[
. 2
K{E(l) Yiy1 — ZH Vv + ZH[ <Y2 EY&) }

7]
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(52.20)
:K{ +Z‘H ( Y2)+Z‘H“
After some straightforward calculations, we obtain some estimates:

~ 1 ~ 1 N 2
(S221) EYj= O(?Tp)’ EYj = O(ﬂp)» E (?’1}’1 —/2 \jp—>

Combining (S2.21) and (S2.20), we obtain

( E?ﬁ)Q}.
o(i).

Y1y1

K K
(S2.22) Eoy |V —Eq V[P < = + —tr[HY %,
n o np
Similarly, we can show that
K
(S2.23) Eq) |U—Eq U)? < —tr[HY|?.
np
To get (S2.17), it suffices to show that
w[HIP=0(p), =12

Let {ugk), i=1,...,n — 1} be eigenvalues of Ay, then the eigenvalues of HIY) (¢ =1,2) are

) 2
{m" +ap/p/(nby) } i=1,2,...,n—1,

’M’Sl) _2’25 ’

and a zero eigenvalue with algebraic multiplicity (p — n + 1). Using the fact ugl) >

—ap+/p/(nby), we conclude that
tr| FL [ Z{“Z +apvp/”b )} —0(p), (=12

‘25

This completes the proof of the lemma. O
S2.7. Proof of Lemma S1.13.

PROOF. We only provide the estimation of D1;, since others are analogous. Note that
Dy =V—'= (?'1?1 oA y H!

Let vgl) = (v,gll), e, vg)), (1=1,2,...,n—1) be the unit eigenvector of A; correspond-

ing to the eigenvalue uz(.l), and let

R g

w:

v \/@

Applying spectral decomposition to H yields

Dy = {ml - Z(

+f

—1
) iivE”\?}
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={§ﬁy— T §f<“ Vi) }
n /by ﬁ? a = uit ’fz
(S224) = (—z—mn(z) +h) ")
where
Ve (1)

n—1 VP41
1 p ap 'uz
h1: My — —
{ ”2( iV - >}

n Vb (1)
n—1 Z |
~) o~ 1 ap 'ul
+{y’1y1— p—aL’ —nz<\/; 0 >(w§1)—1)}.
i=1 i

By (52.24), we obtain

1
z+Em,

‘ Emn—mn—i-hl
(—z —my + hl)(z—i—IEmn)

< K|(Emy —my) + by,

‘Dn +

which implies that

1 n—1 1 m \/@ 1 n—1 Iul(l)
ma =22 W0 _2) Vb a 02T
LR —Z p i=1 M, —Z

1=

124 %T\/ITN()+1 1) ’ P ap |’
+E|I- ; w; ' —1)| +Eyiy1 - \/>
2 e I L A N
= K(I+ 11+ 111+ 1IV)

(82.25)
~0Ga)+ oGa) +o ()] +o(2) +o()
n n P n n
(§82.26)
“of2)+o(3)
n p
Below we explain (S2.25) in more detail:

(I) Follows from Lemma S1.12.
(II) Use the fact

VIS ST _O< n)
s —
poap i Mz(' )~z P
and
12 1 1 1
My, — — g =|—trD — —trDy G20 =).
n 4 @ _ n n n
=1 ,ui z
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(III) Use (S2.21).
(IV) Analogous to the estimation of £ }V — E(l)V|2.

S2.8. Proof of Lemma S1.14.

PROOF. We only provide the estimation of 1311, since the others are analogous.

Let T}, be k-th row of Y = 2;/ *Y and let B, be the (p — 1) X n matrix extracted from Y
by deleting ..
With notations defined above, we can write

B
B11‘1 BlB/ \/> 9p I

Denote
A= Bk\/E\;ﬂIn, k=1,....n,
and
pa -
W:rlB/B1<B/B1—\/> P I > Fl.
Let {ii", i =1,...,n} be the eigenvalues of A, and let v\") = (62-(11),...,55;)), i =
1,2,...,n, be the unit eigenvector of Aq corresponding to the eigenvalue ﬁgl), and set

a7 = W@p‘~~(1)
75

f(l)
<\/; H) (1)

—Z

)

then we have

1= 1

—-1 -1
Dy = (¥, -2 %2, _ — (= P o+
11 <r1r1 \/;\/@ z W) < n\/@ zZ—mp+ hy )

ﬁl Z’Iv"lffl +my — w
(82.27)

. 1 pap“z '+ 1 poa N g
:rllrﬁm"nZ( ORI )n;< Gy (@i ~1)-

=1

l

and

where

We define the set of events
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then the inequality

(e ) (o)

holds on 2. Thus we obtain

> kP
n

2

E 5114-

1
apy/p/(iby) + 2+ Em,
Em, —m, + h1

(ap\/p/ (nbp) —f—z—f—IEmn)(ap\/p/ (nbp) +z—i—mn—h1)

2

where we use the inequality

p ap p ap _7
(S52.28) K\/;\/g + z —i—Emn) <\/;\/E +z4+my h1>

that holds on the full set §2. The inequality (S2.28) follows from the facts

> K

3=

)

a ~

p\/p—+z+mn_hl

P a -
\/IL + 2z — I'lI'l + I‘lBllBl (BllBl — g\;z»ln> Fl

P\;ﬂ%—z—i—rl{B B1<B B — \/>ap1> n}I‘1
a " ”z)+\/ﬁap

P 4ot Z —1 |a”
\F VI Gp o ~(1)—Z l

(fﬂx )
(s,

|1+S|>K\/ﬁ.
p

We now proceed to complete the proof of (S1.6). Note that we have

and

)

4 ~
P(Q) < —E|Em,, — my, + |’
p
thus it is sufficient to prove that

~ 1
oo -of2) of3)
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Applying (S52.27) gives us

E|Em, — mn + |’
2

< K{E|Emn —mu | +E

n—1 n—1  ~(1)
1 1 by (1 \
Mn = | = Z M -\ /5 Vb o Z ~(A1L)Z
nz‘:lﬁ% -z pap ni:lﬂi -z
(52.30)
2
+E

—Z

[y %%’:ﬁgl) RV 2
HZ —(1) (@7 = 1)| +E(ET)” .
=1

Combining the similar method used for (S2.26) with (S2.30) and the fact

E(¥iF)° =E {i(i(z;/z)lmj)Q}z

j=1 i=1
no P 4 LA 2, P 9
:E{Z<Z(zp/2)1i3/z‘j) + > <Z(2p/2)1z‘yij1> <Z(Ep/2)1iyz‘jg> }
j=1 i=1 Ji#je i=1 i=1
=0(n/p),
we obtain (S2.29). O

S2.9. Proofs of Lemmas S1.15 and S1.16.

PROOF. The derivatives in these two lemmas can be derived by using the chain rule and
Lemmas S1.17 and S1.18 repeatedly, and the details are omitted here. 0

S2.10. Proof of Lemma S1.17.

TABLE S.1
Derivatives of (YrsYy) w.rt. Yy,

O(YrsYy . . . . . . .
(ayj,ff) r=L0=j rv#jl#j r=jl#j r#jl=]
s=t=k 2}/jk‘ 0 Ykk Yrk‘
s#kt#k 0 0 0 0
s=kt#k Yj 0 Yy 0
s#k,it=k Y} 0 0 Yrs

PROOF. (1) By using the chain rule and derivatives shown in Table S.1, we have

aDaﬁ _ 3Da5 ' 8Ast |:8Ast o 8(Y/ZpY)st:|
Wik 1 igiep P4t Ok OYjy. Ik
_ zp: 8Da/3 ) 0Ass 8Da5 ) 0Ag
s—1 aAss a}/jkj 1<s<t<p aASt 8Y]k

L O(YrsYys
) {0 22

s=1 rd
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0 YrsYt
+ Z(—DasDtﬂ - DatDSﬁ) ’ Z{(zp)ré%/jké)}

s<t .l
= (—DarDyg) - { )i ik + Z p)ieYor + Z )rj }
L#£7 T#]j
+ Z DarDyg — Dot Dig) - { p)jj Yt + Z geYet}
k<t 0]
+ (- DaeDis = D) { (By)s %5+ L (B
s<k T#j
P P
= Z(_DasDkﬁ - Doszsﬁ) <Z(2p)7“j}/;’s>
s=1 r=1

= Z{ ( ]rYrsta) Dgy, — ((Ep)jryrstﬁ>Dak}

= —FjaDgr — Fjg Do,

where the third equality follows from the formula (II. 18) in Khorunzhy, Khoruzhenko
and Pastur (1996);

(2)
F D
%Yifw%k;(@wasw)@@> (o e o)
= (2p)ajDrs — Z JasYst (FjtDgi + Fiz Dy
= (Zp)ajDrs — EjaDpr — FjpFuk;
(3)
= v ;@pm)ﬁ (Y'E),
3,
gilij;: Y'S,),; + ZE]T : ('3ij)]

= Z( )33 Dk = B3 Dok = FyrFir ) - (Y'B),; + (Sp)5Fie
=2(Xp); Fjk — 2Ej;Fji,

a(Eijkk) 8E D +8Dkk E]’j
oYy, 3ng oY,

= (2(2p)ijjk - 2Eijjk> “ Dig = 2Fjx Dy, - Ejj
= Q(Ep)]]fwjkak - 4Eijjkak-

The proof of lemma is complete. O
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S2.11. Proof of Lemma S1.18.

PROOF. 1.
OF,s 0 ) o [ Oy ODys
= »2),.Yu D ) Y (= st Ly Ol
a)/}k 8}/}1@* Z(( p)as sttp Z( p)as 8YV]k t8 + Yt aY};.C
st st
= a]Dk,B Z as ]tDBk: + Fj,BDtk)
= (2)ajDks — Eja D — FjaFon;
2.
ey S ) = B G (418 3y S
ank 8Y]k tr oYy, Oij
= Z( p)iiDie — Ejj Doy — szij> (Y'S,),, + (Zp)jr Fjk
= (Zp)iiFrr + (Bp)jr Fji — EjjFr. — Fi Ejr,
a(EJJDkk) -
E; -D E.. - (=2F:.D
BY]I@ aijkZ ]r kk + 77 ( 7k kk)
= Dy Z < Frk + (2 ) ij — Eijrk — ijEj'r’> — QE\ijjkak
= ()55 Fn Di + (23) 5 Fin Dk — Ejj Fi D, — 3B Fjp D
The proof of the lemma is complete. O

S2.12. Proof of Lemma S1.19.

PROOF. The proofs of the first two inequalities are analogous with that of Lemma 4.2 and
(4.35) in Chen and Pan (2015), it is then omitted. As follows we prove the remaining two
inequalities.

When the event U,, happens, inequality (S2.11) holds and then the proof of the second
inequality in Lemma S1.11 holds for z € €, U C,, thus, we have

1 1
(S2.31) Elye| 1y, < K<2 + )
n np

Moreover, by (S2.51) and Burkholder’s inequality (Lemma S1.3),

E

1 (1)
W _ b —FtrM

npby, npby,
Z(Ej — Ej,l)(trD — tI’Dj)

4
<[i<a”+z,/"> E
n* \ by pby =
K (a 2
P 4 2
<n4<bp+z /p p) {ZE\trD—trDj] —i—E(ZEk\trD—trD]\) } U,

J=1

n 4

1y,

(52.32) <
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where the last “<” follows from the fact that [trD — trD |1, is bounded.
Combining Lemma S1.1, (S2.31) and (S2.32), we obtain

1 1 1
Elue* 1y, < K< + =+ )
n n? np

The proof of lemma is complete. O

S2.13. Proof of Lemma S1.20.

PROOF. Let
1
z 4 (npbp) ~1trM,
Lo 1 wm 1 (1))
= X3 2pX) — Pay) — — trM — EtrM .
[k prp( K ZpXk — Plp) — Ykl <npbp i i
We have the decomposition:
M (2) =trD —EtrD = > (Ej, — E4_y)tr(D — Dy,)
k=1
= (Bx —Ex1) (—Br(1+ qyDiar))
k=1
(82.33) = > (Ex— Ek—l){—(ﬁk —er)(1+ q,Diax) — Ek’YkZ}
k=1
(S2.34) = > Bk — Ex1){ — (Rrue + Buelud) (1 + aiDiax) — exea }
k=1
- 2 1 (2) 2
= > (Ex— Ek—l){_gk#k (1 + b trM,; ) — ELME k2
P

— Brernr (1 + apDiay) — amz}

(S2.35) =Y (Bg — Bp1) (wpr + upo + ks + upa)
k=1

Below we explain (S2.33) and (S2.34) in more details:
¢ (S2.33) follows from

(B, — Ep_1)er(1 + ot Diqr) = (By, — E_1)er(q,Diqr)

1
_ 2 () _
= (Er — Ex—1)ex (q;ngQk - npbpter ) = (Er — Ex—1)ervro-

¢ (S2.34) follows from the identity By = e + Brex it = €k + 6%,&]@ + Bkezu%.
By Lemma S1.19, we have
Elug |1y, =0(n™),  i=1,2,3,4,
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which, together with the decomposition (S2.35) and Burkholder’s inequality (Lemma S1.3),
implies that

E| MV (2) 1y, |* < K.
This completes the proof. O
S2.14. Proof of Lemma S1.21.
PROOF. Using Lemma S1.1, we have
(S2.36) E(x;22%; — pbp)? < Kvatr(2)) < K - p|| 23| < Kp.

Note that tr(A*B) is the inner product of vec(A ) and vec(B) for any n x m matrices A and
B. It follows from the Cauchy—Schwarz inequality that

(S2.37) |tr(A*B)|” < tr(A*A) - tr(B*B).
By using (52.37), we have

E npbptrMS)(z) _ %ter(z) 2
_ (m);)zﬂ«: tr{Dk(z)(X;EgX,c — pbyT_1) } ‘2
< (npszE {tr(Dk(Z)Dk(z)) tr (X2 X, —Pprnl)z}
< mplwm {nHDk(z)Dk(z)H (X)X, —pbpln_l)Q}
< b {er(XE=2% = pby T 1) }.

Indeed, by using (S2.36) and the fact E(X;E%Xj)z = tr(Eg) for i # j, we have
E{tr(xgzgxk —pprn_1)2} =Y B -ph,)?+ Y E(Ex;)?
ik i j,ik,j £k
<(n—1)-pK+(n—1)(n—2)-pK.

Thus we have

1 (1) 1 2 Kn
S2.38 E|—trM — —trD < —.
(5239 M) - )| <
Moreover, by (52.48) and (S1.4), we have
(52.48) 1 14 1

1 1
(52.39) ‘ntrD(z) - ﬁter(z)

‘Bk(l - QZDi%)‘ < —,

n nvy

which, together with (S2.38) and the fact that m,,(2) <% m, completes the proof. O
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S2.15. Proof of Lemma 6.1.

PROOF. In general, this proof extends the result of Chen and Pan (2015). We denote the
non-diagonal part of A,, = (X'3,X — pa,I,,)/1/npb, as
1
B,=A, —diag(A,) = —— (X’EPX — diag(X’EpX)),
\/1npby
where we use the notation diag(A) to denote the diagonal matrix of A (replacing all off-
diagonal entries with zero). Then we have

A .
. S = g = ii | s
(52.40) lléljaé(n ’)‘j | = [[An|l < [|IBal| + [|diag(Aq)[| = [[Bn| + fg&é{n | A
where || - || denotes the spectral norm and Aj;; is the (i,%)-th entry of A,,.
Note that
1 p P
max |A;| = max ZZ(Ep)sthiXti — pay

t=1

H
/é\
N

|
’db‘
;
/é\
/AN
3
V)
Il
]

I
3
nE
Y
NE

(Zp)ss(X2 =D+ D (Zp)st Xei Xi
s#t

]
I
A

M=

(S2.41) < max max | (B,) e XX

1
\/npb, 1<isn pary \/npb, 1<isn prt

From (S2.40) and (S2.41), it suffices to prove that, for any € > 0,

@maxi4ﬂ+

(S2.42) Pr(|Bn||>n+¢e) =o(n),

1 p

. 2 _ > — -1

(S2.43) Pr( mlrgiagxn;@p)ss(&z 1) /e> o(n™1),
and

1
S2.44 P ma ¥)aXsiXei| =¢ ) =o(n™h).
(5249 r<\/@1<ié‘n;( o XX ) (n™)

Since (2p)ss < || X, ||, (S2.43) follows from inequality (9) in Chen and Pan (2012).
Next, we consider (S2.42). From the well-known Courant-Fischer theorem, we have

1By * = max |Byz|* =

2
max” X's, X — diag(X'S,X zH
z]|=1 npby |z]=1 [ b (X2 )]

n

= max Xi3,x;)z;
npby |z=1z<z( pXj)%j

i=1 “j#i

$2.45 ol L S (%) YEANTRE
(52.45) STy max (x;x5)z5 | < 9 1Ba|”,
p

=1n
Iel=1 mp =\

where ]§n = L (X'X — diag(X'X)). For any sequence of positive numbers k = k, — oo
VP P

and ¢ > 0, we have
~ ﬁn 2k ~
EIB. % _EX (P _ Ew(B)

(2+e)2k = (24¢)%* (24¢)2k”

(S2.46) P(|Bn]>2+¢) <
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With an appropriate choice of the sequence {k = k,} and some sophisticated combinational
techniques, (Chen and Pan, 2012, p. 1413 - 1418) proved that for any € > 0,

2+ ) HEur(B2) =o(n"),
which, together with (S2.45) (S2.46), implies (S2.42).
Finally, we consider (S2.44). For and € > 0 and ¢ > 0, we have

1
Pr ( max Z(2p>stXSiXti

, > )
\/npby, 1<i<n prt
> aw/npbp)

gnPr<

Z(Ep)sthlth

s#t
<n- (E@)f(“&) -E Z(Zp)stXSIth
s#t

(8247) <n- (E\/%)_(AH_&) K- [tr(zz)]Q-HS/Q
=o(n™"),

the estimation (S2.47) follows from Lemma S1.2 with k = 4 + §. This completes the proof.
O

4+6

S2.16. Proof of Lemma 6.2. As explained in the main text, we first decompose the ran-
dom part M,gl)(z) as a sum of martingale difference, which is given in (S2.54). Then, we
apply the martingale CLT (Lemma S1.4) to obtain the asymptotic distribution of MT(LI) (2).

Step 1: Martingale difference decomposition of Mél) (2).
First, we introduce some notations. Define

Xk: (X17---an—luXk+17---7Xn)a Ak‘: \/TLT(XZ'ZPXIC _papIn—l>»

D=(A,—21,)"", Dp=(Ar—zL,1)"", MY=%XD;X,%, s=1,2,

di
ap = App — 2= ﬁ(xzszk — pay) — z, q) = \/r}TI)p(X;Cszk)
3 1 tr 1
k} = " 5 k — bl
—az}:g + q;. Drqp z+ (npbp)*ltrM,(Cl)
1 (s) / 1 /
Vks = —npbpter +qDiag, s=1,2, Nk = N (X% ZpXk — pay) — Vi1,

Ok = — BB (1 + aiDiag).

Note that aii,:g is the k-th diagonal element of D~! and q), is the vector from the k-th
row of D~! by deleting the k-th element. By applying Theorem A.5 in Bai and Silverstein
(2010), we obtain the equality

1+ q,D?
(S2.48) trD — trDj, = — diaqu qu’c — 61+ 4. D2qp).
—QpL +quka




CLT FOR LSS 25

Straightforward calculation gives:

(S2.49) B — B = BB ks
and
(S2.50) (Ey, — Ex—1)BF (1 + d,Diar) =Ex (B m2),  Ex_1(8fme) =0,

where E(-) is the expectation with respect to the o-field generated by the first k£ columns of
X.
By the definition of Dy, we obtain a basic identity:

(82.51) DkX;{EpXk :papDk + \/npbp(In_1 + ZDk)

If ¥, =1, it is straightforward to derive that the limit of tr(Mg) (2))/(npby) is m(z) by us-
ing (S2.51). However, when X, # I,, we need a more detailed estimate (see Lemma S1.21).
Applying (52.48) — (52.50), we have the following decomposition:

Mél) (Z) =trD — EtrD = Z(Ek — Ek—l) (trD — ter;)
k=1

=—) (Ex—Ez1) ﬁk(l +quka)
k=1

n n

(Bp — Bx1)(~ B85 m) (1+ aDiay ) — > (Bx — By -1)55 (1+ aiDia )
k=1 k=1

(§2.52)
= Z [(Ek —Ep_1)l, — Ey (ﬁ;thkz)} :
k=1

(52.49)

By using (52.49), we can split /5 as
U = (B + BB nw) B i (1 + qLDiqk)

= — (852 + Be(BE)?7) (1 + o, DFay )

= — (B, <1+ b, trM( )) (BEY2 vk — Bi( 12')2771%(1+Q§CD2%)

(S2.53) =Ly + Lo + i3,

where 1 = —(8F")?n;, (1 + tFM;(f)/(npbp))sz = — (B2 mive2, s = —Be(B)?nE (1 +
q;.Dia)-
By Lemma S1.10 and Lemma S1.11, it is not difficult to verify that

n 2 n 2
E Z(Ek — Ekfl)ng = 0(1), E Z(Ek — Ek,1)£k3 = 0(1).
k=1 k=1
These estimates, together with (S2.52) and (S2.53), imply that
1
ZEk{ (1+ b, trM( ) —51?’71@2} +op(1)

(S2.54) Zyk +op(1
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where Y} (2) is a sequence of martingale differences.
Step 2: Application of martingales CLT to (S2.54).

To prove finite-dimensional convergence of MS) (z),z € Cq, we need only to consider the
limit of the following martingale difference decomposition:

ZCLJM(I) (2) ZCL]ZYk (z5) +o(1 Z(ZaJYk Zj > +o0(1),
7=1 = k=1

where {aj} is any complex sequence and r is any positive integer. We apply the martingale

CLT (Lemma S1.4) to this martingale difference decomposition of " _, a; MY (zj). To this
end, we need to check two conditions:

Condition 1. For any € > 0,

ZE( > a;Yi(z)

Condition 2. For z1,z9 € Cq, the sum

]1{2 1a;Yi(z5)2 }) :O(l)

(S2.55) A (21, 22): ZEk 1 (Yi(21)Yi(22))
k=1

converges in probability to A(z1, z2) defined in (33).

First, we verify Condition 1. By Lemma S1.10 and Lemma S1.11, we have

5;11 1 n

which implies that, for each € > 0,

n r 9 . "
ZE< ]I{Z::1 aJYk(z])25}> < ?ZE
S k=1 lj=

thus, Condition 1 is satisfied.
Then, we verify Condition 2. Note that

_ ( ptr 2 _ ﬁ tr
(B (1 M) B = 5 { B G2
thus, we can rewrite A, (z1, 22) as

? <
2901 ZEk 1[Ek{ﬁk 20)ne(21) } - Ek{ B (22 nk(zQ)}}

Yie(zj)

(S2.56)  An(21,22) =

It is enough to consider the limit of
(52.57) ZEkq [Ek{ﬁltcr('zl)nk(zl)} : Ek{ﬁ?(@)ﬁk(@)}} .
k=1

By equation (4), Lemma S1.21, and the dominated convergence theorem, we conclude that

¥ (2) +m(2)

2

(S2.58) =o(1).
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Combining (S2.57) and (S2.58) yields that

S Ee [Ea{ B (1)meen) - B { 65 (22 (22)}]
k=1

m(z1)m(zo ZEk HExm(21) - Exii(22) } +op(1)
k=1

(52.59) = m(z1)m(z2)An (21, 22) + op(1).

In view of (52.55) — (52.59), it suffices to derive the limit of Kn(zl, z9), which further gives
the limit of (S2.55).

Since B {ni(2)} = (1//npby) (x},Zpx) — pap) — Ex, [yr1(2)], we have
(52.60)  Ey 1 {Eymn(21) - Byp ()} = i{?’m _3) 4 2} L AR 44 4 A B,
p

where
AY“’ = Er—1 {Exvk1(21) - Exvra(22) },
(k) _ R,
Ay = —Epq (xpZpxk — pap) - Exye (21) ¢,
\/npby
1
A:(ak) = _Ek—l{
\/npby

First, we show that Agk) and Agk) are negligible. Denote M,(Cl) (2) = (m( ) (Z))po’ using the

independence between x;, and M,(gl), we have

4= WEk_l [(Z(Zp)szkX]k pap>

0,
{ZXlkakEkm +Z X —1 Ekm )}:|

i#]

-1
:%Ek_l{Z(zp)in 2 Eym)] +Z 0)ii X2 1)Ekm§j>}
(npby) i

(X Zpxi, — pay) 'Ek’Ykl(Zz)}-

-1 p
— e B + 61— 1) S}
"tpOp i#] i=1

1 vy

_ - 1 (1)
(S2.61) = npprk{npb tr(z:M ) i, Z )im] }

As for the first term in the bracket of (S2.61), we can estimate it by using a similar argu-

ment as in the proof of Lemma S1.21. Replacing pb,, and M,(Cl)

with tr(X?) and EI,MS), we can prove that

in the proof of Lemma S1.21

1 2 K
E tr<2 M >) —ZuD,| <20
n p

ntr(33)
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Moreover, by the fact < tr(23) Kp, the first inequality of which follows from Cauchy-
Schwarz inequality, we conclude that

3
my _ (&) 1 ( ()
XM, tr( X,M = 1).
( ) pby ntr(Eg) =% ) Or(1)
As for the second term in the bracket of (S2.61), we have

X

I,

IR W _ 15l & NON
3 0y S - a;;” = M =0p(1).
St < 2 Pl 0,0

npby,

Thus, the term in the square bracket of (S2.61) is bounded in probability. Therefore, we
conclude that ‘22:1 Agk)‘ — 0. Similarly, we can show that ’22:1 Agk) ’ — 0.

Now we consider A" with the notation M,(Cl) (2) = (mgjl) (z>)po’

Agk) (npb 5 Eg 1[{2sz kEkm (z1) + Z(Xz?k_l)Ekmgil)(zl)}

1#£] 1=1

{Zsz kEkm ( 2) + zp:(Xz‘Qk—l)Ekmg)(@)H

1#] i=1

= (np Ek 1{ ZX kaEkm (Z1 Ekm ZQ —I-Z X -1 QEkm( )(Zl)Ekmgzl)(Zg)}

7]
= b { ZEkm (z1) Ekm() (vg —3 ZEkm (=1 Ekm(l)(ZQ)}
(np
2
= ) —tr (B (1) By (22) ) + 0p (1),

where the last step follows from

ZEkm (1) - Ekm( )(22) ’

<p- ZE‘Ekm (z1) - ExmP (22)

a (1) 07 (1) & 4.2 2.3
<pZ<E‘mu (21)’ ) (E’m )‘ > < K(n"p”+n’p°).
i=1
By the above estimates, we obtain

~ 2 = 1 1 b
An(z1,20) = T Ztr(EkM; (1) - ExML >(z2)) + {bz(”‘* —3)+ 2} +op(1),
k=1
(S2.62) _gZ”:Z +5—”(u —3)+2+0p(1)
. - n - k bp 4 P )
where

tr (EkMg) (21) . Ele(Cl) (22)) .
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In Lemma S1.7, we derive the asymptotic expression of Zj. This asymptotic expression
ensures that

(S2.63) 722 _>/ tm(z1)m(z2) Qe 1 log(1— m(21)m(z2))_

1 —tm(z1)m(z2) m(z1)m(z2)
By (52.56), (S2.59), (S2.62) and (S2.63), we have
2log(1 — m(z1)m(z2))

An(zl,ZQ) i) %(1/4—3) — m(zl)m(22)
Therefore,
2 w
M) 2 5 {0 By () — 21081 = mlen)m () |

w -2
:m/(zl)m’(ZQ){9(1/4—3)+2(1—m(21)m(zg)) }
The verification of Condition 2 is then complete.

S3. Proofs of equations (35) and (36). This section contains proofs of equations (35)
and (36).

PROOF. We only consider the case j = £,0. (The case j = r is similar to j = £.) From
Proposition 6.1, we have E|M (2)|? = A(z,2) = O(1). Figure S.1 shows the decomposition
of the contour G C,UC, UC, UCy. Let ||C;|| denote the length of C;, j = ¢,0, then

/e E|M (2)]*dz < [A(z,2)] - | Coll = |A(z, 2)| - (26n/n) = 0
and

lim [ E|M(z)]*dz < hm IA(2,2)] - ||Cf|| = lim |A(2,Z)| - 2(vy — &, /n) = 0.
Ul\LO eg 'U1J,O
Thus, the estimate (36) holds for z € C;, j = ¢,0.
We choose the event U,, = {max;<, |/\?| <n+e} withe = (u; —n)/2. By Lemma 6.1,
the probability of U¢ decays to zero faster than n~!, that is,

P(US) =o(n™").

When the event U,, happens, for any z € Cy, we have |m,,(z)| < 2/(u; —n) and |m(z)| < 1.
Thus, we have

/ E|M,(2)1y, 2 —/ E|n[mn(2) — m(z) — X, (m)]1y, *dz
Co Co

9 2
<n< +1+o(1)> l|Col|
ur —n

9 2
—2< —i—l—i—o(l)) &n,
uy —n

since &, — 0 as n — oo, we conclude that (35) is true for z € Cy.
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3(2)
open region U that 1.
includes [—7, 1] ~- T B
i Cu (u,v1) ">~
- o ..
// \\
/ \
// fn/TL \\

C=C,UC UC,UCyCU

Fig S.1: Open region U and decomposition of the closed contour C

Recall that we decompose M, (z) into a random part Mfll)(z) and a deterministic part
My(f)(z) for z € C, where

MV (z) = n[mn(z) — Emy(2)], MP(2)=n [Emp(z) —m(z) — X, (m(2))],

n

thus

2 2
(S3.1) / E‘Mn(z)]lUn’ dng/ E‘M,(L”(z)n(]n) dz+K/ dz.
Cp Cy Cy

2
Mr(LQ)(Z)]lUn‘

By Lemma S1.20, we have

2
og/ E|MO(2)10, | dz <K€ -0, asn—o0, v L0.
Cy

J.

Plugging these estimation into (S3.1) implies that (35) is true for z € C;, j = /. 0

Similarly, we have

2
M7(12)(Z)]1Un‘ dz — 0, asn — 00, vy . 0.

S4. Proofs in applications. This section contains proofs of equation (15), Theorem 4.2,
and Proposition 4.1.

S4.1. Proof of equation (15).

PROOF. By Lemma 2.2 in Wang and Yao (2013), under the high-dimensional setting ¢, =
p/n — c as p — oo, we have

(RS2 - (142D N((o) 1 H)
Ltr(S,) -1 0) )



CLT FOR LSS 31

where

(4 + 4 -1 +c)%c 2wa—1)(1+c)e
H= < 2(y4_41)(1+c)c 4(u4—1)c > '

Define the function f(z,y) =z — 2y + 1 — py?/n+p/n, then W = f(tr(S2)/p, tr(S,)/p).
and

ot
%<1+z+ (V4p_2),1>:_2(1+i>
f(1+£+c(y4—2),1> _% c(z/4p—2)

By the delta method, we obtain

nOV—f<L+i+C@2_%J)>J@Aﬂ@hmD%

where
!/
P+ )\ Pa+rday)
D= —H) 4

8f(1+ +C(”4 Aqy) Nt S\t dnt )

as n — oo. Thus,
nW —p—(vy—2) i>J\/‘(O,4),

and the proof of (15) is complete. U

S4.2. Proof of Theorem 4.2.

PROOF. Recall that S, = YY'/n, a, = tr(%,)/p and b, = tr(X2)/p. Let A, =
W(Y Y —payl,) = \/inP(X’ 3,X — payl,). By some elementary calculations, we

obtain two identities:

b b 2pa b a,)2
(8. = 2 2tr(A) oy (S = () ¢ 2 [Py (00

Then W can be written as

b 2 [pb b 2, D

Li and Yao (2016) derived the limiting joint distribution of (tr(AZ2)/n,tr(Ay)/n) (see their
Lemma 3.1) as follows:

S4.1 %tr(A%)_l_%(%(M—?))#—l) Ny 0 4 0
G +tr(A,) 0/’ \ogwi-3)+2) )

Define the function

2 P
g(x,y): px_? Ty—bpy —1—5—2%4—1,
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then W = g(tr(A2)/n,tr(A,)/n), we have

dg 1w B
%(1+E(5(V4—3)+1),0>—bp,
09 (1, 1w __2n [pby
873/(1—1_5(5(”4_3)_‘_1)’0)__]9 n

1 w b, rw D

By (S4.1), we have

1
n<W—g(1+n(°g(V4—3)+1),o>> 4y N(0,1im A),
where
/
e %( + @ -3)+1),00) (4 0 %(1+5(%(V4—3)+ ):0)) _, 4p2
(145501 =3)+1),0) ) \0F(a=3)+2 J\ G+ 7 (5(a —3) +1),0)
Thus,
by (w P\ d 2

n<W—bp—g<§(u4—3)+1)+2ap—1—ﬁ)—>N(o,4e ),
that is,

nW—p—H(%(w—fﬁ)—l—l)+n(27—1—0)i>/\f(0,492).
The proof of Theorem 4.2 is complete. O

S4.3. Proof of Proposition 4.1.

PROOF. For the test based on statistic W, by Theorem 4.1 and 4.2, we have

)

:P<nW—p—9<Z(V4—3)+1> +n(2y—1-0)

B(Hy) —P(;(nW —p— (v — 2)) > 2,

> 220 — 0 %(V4—3)+1> Fn(2y—1—0)+ (v —2) ’H1>
~1 —@(219{2za—w(y4—3) —0+n(2y-1 —6?)+(1/4—2)}>,
since 2y — 1 < v2 < 6, Proposition 4.1 follows. 0
S5. Additional simulation results. This section contains some additional simulation

results of the paper. The simulation settings are the same as those in Section 5.1 of the main
paper except p = n>?>,
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TABLE S.2
Empirical mean and variance of Gn(f;), i = 1,2, 3 from 5000 replications. Theoretical mean and variance are
0 and 1, respectively. Dimension p = n29.
Sp=3,y Yp=3p Yp=3¢ p=3p

n mean var mean var mean var mean var
50 -0.0024  1.0064 0.0087  0.9873 0.0008  1.0101 -0.0063  0.9999
100 0.0021  1.0039 0.0242  0.9834 -0.0185  0.9992 -0.023  0.9877
150 -0.0067 1.0312 0.0208  0.9798 0.0191  0.9923 0.0068  0.9977
200 0.0081  0.9752 -0.0271  0.9767 -0.0012  0.9817 0.0042  0.9924
Gn(f1)  Gaussian

50 0.0064  0.9928 -0.0172  1.0451 0.0064 1.0145 0.0248  1.0085
100 0.0204  0.9853 -0.0105  0.9678 0.0201  1.0295 -0.0036  1.0107
150 0.0156  1.0115 -0.0024  0.9977 0.0143  0.9766 -0.0002  1.0046
200 0.0091  0.9842 -0.0201  0.9863 -0.0087  1.0251 0.0107  0.9621
Gn(f1) Non-Gaussian

50 0.0036  1.0309 -0.0089  1.0246 -0.0024  1.0002 -0.0032  1.0283
100 -0.0101  0.9941 -0.002  1.0386 -0.0238  0.9857 0.0002 1.023
150 -0.0131  1.0129 0.0031  0.9589 0.0012  0.9781 0.0106  1.0162
200 0.0199  0.998 -0.0177  1.0273 -0.0151 1.0115 0.0132  1.0278
Gn(f2) Gaussian

50 -0.0077  1.1137 -0.0114  1.1008 0.0085  1.1179 0.0116  1.0816
100 0.016 1.022 0.0128  1.0405 -0.0093  1.0207 -0.0118  1.0573
150 -0.0159  1.0203 -0.016  1.0384 0.0174  1.0538 0.0067  0.9585
200 -0.0017  1.0158 -0.0159  1.0257 -0.0038  1.0273 0.0192  1.0463
Gn(fy)  Non-Gaussian

50 0.0049  1.0541 0.0208  1.0843 0.0443  1.0284 0.0107 1.0174
100 0.0115 1.06 0.0475  1.0313 -0.0048  1.0689 0.0051  1.0027
150 0.0059  1.0479 0.0317 1.0151 0.0309  1.0301 0.0184  1.0596
200 0.0209  0.9741 -0.0142  1.0178 -0.0019  0.9765 0.0304  1.0195
Gn(f3)  Gaussian

50 0.0511 1.129 0.0423  1.1733 0.0584  1.1513 0.0861  1.1456
100 0.0485  1.0639 0.0198  1.0319 0.0488  1.0817 0.0252  1.0579
150 0.0288  1.0518 0.0189  1.0393 0.032  1.0263 0.0348 1.1
200 0.0128  1.0134 0.0055  1.0179 0.0215  1.0218 0.0386  0.9725

Gn(f3) Non-Gaussian
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Fig S.2: Histograms of én( fi),i=1,2,3 from 5000 replications under the case (D) with
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